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Applications of Baire’s Theorem

Elements of Solution

1. (Baire’s Simple Limit Theorem) Let (E, d) and (F, §) be metric spaces.

Assume E complete and consider a sequence { f,, },>1 of continuous maps from £ to
F that converges pointwise to f : £ — F.

(a) Consider, forn > land e > 0,theset F,,. = {x € £, Vp > n, §(fu(x), f,(z)) < e}

Show that Q. = J,,5, FZ,E is a dense open subset of E.
(b) Show that every point z, € Q. has a neighborhood A such that

Ve e N, 6(f(xg), f(z)) < 3e.

(c) Prove that f is continuous at every point of {2 = m Q. and that Q = E.

n>1

Solution. (a) According to the corollary of Baire’s Theorem proved in class, it suf-
tices to prove that the sets F}, . are closed and cover E. For given n and p, the set
{z e E,i(fu(z), fo(z)) <c}is closed as the inverse image of [0, ¢], closed, under the
map = — 0(fn(x), fp(z)), continuous as composed of continuous functions. Taking
the intersection over p > n gives F), . closed. That the union of these sets covers E
follows from the pointwise convergence of the sequence { f,, } nen-

(b) Let n be such that z, € cm Since sz is open and f,, is continuous, there exists

a neighborhood N of z, included in F(,)lg such that
0(fu(wo), fu(x)) < e forallz € N.
Since N C F(,)Z,S, we have
§(fn(z), fo(z)) <e forallz € Nand p > n.

Letting p — oo in this inequality, we get

§(fu(x), f(x)) <e forallz € N.
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Now, by the triangle inequality,

d(f(x), f(x0)) S(f(x),
cteo+

)

IA A

c

fa(2)) + 0(ful), fu(wo)) + 6(fulwo), f(0))

forallxz € N.

(0) Let zp € Q and € > 0. Fix n such that + < ?

) 3"

By the previous result, there is
a neighborhood N of zy such that §(f(z), f(x0)) < ¢ for all # € N, which proves
continuity of f at xy. The fact that €2 is dense in £ follows from (a) and the Baire
Category Theorem.

2. (Continuity of derivatives.) Let f be differentiable on R. Show that f” is continuous
on a dense set.

Hint: Apply the result of the previous problem to a well-chosen sequence.

Solution. Apply the previous result to the sequence (f,,),>1 defined by:

f (1 + 7]7) — f(x)
1/n '

.fn("l") -

3. (Hermite’s Dreadful Plague.) The purpose of this problem is to show that nowhere
differentiable functions are dense in £ = C([0,1], R) equipped with its ordinary
norm.

Consider, fore > 0and n € N,

fly) = f(z)

Unﬁ—{fEE,VxE[O,l],EIyE[O,l], |z —y| <e and ‘
y—z

>

For p > 1 integer, let v, be a continuous function on [0, 1], affine on each interval

k: k + ]- k o . . .
{2—]), % } and such that v, <2—p> = 0 (resp. = 1) if £ is even (resp. odd).

(b) Sketch the graphs of vy, v, and vs.

(a) Prove that every set U,, . has a close complement.

Let f be a function of class C' on [0,1] and g, = f + Av, with A > 0.
(¢) Verify that g, can be chosen arbitrarily close to f in C([0,1],R).
(d) Prove that

gp(w) — gp(y)’ >\
r—y o

PO =50 g,
z—y
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for z # yin [0, 1]

not e

(e) Verify that g, € U,, . whenever p > o\

(f) Prove that U, . is dense in E.

(g) Conclude.

Solution. (a) Observe that

Ue. —{feE Jr € [0,1], Vy € [0, 1], |$y|<€:>‘f£(9€)

<n.

and let {f;} be a sequence in Uy _ that converges to f in E. For each k, there exists

zy € [0,1] such that |z, —y| <e = ’M‘ < n. Since [0, 1] is compact, {z;} has a

Y—Tk
convergent subsequence {z, }. Denote x its limit and let i in [0, 1] be such that 0 <

<

Fote) W)= Fo) (@p(r))
Y= To(k)

’ < n, so that f

x—1y| < €. For k large enough, one has 0 < |z, ) —y| < € so that
& & (k)

fly) — f(x)
Yy—x

n and the uniform convergence f,u) — [ implies that

belongs to U,

(c) The functions g, are continuous as combinations of continuous functions and
Hf o gp”oc < A

(d) If z # y in [0, 1], then

gp(@_gp(y)‘ > )| T)_Upy‘ ‘ )‘
r—y - y
’E
> [e@) = uw) \ 1l
p—
n+\|f’||oo

(e) Letp > . Forany z € [0, 1], there exists y € [0, 1] within € of x and in the

wale)=p(0) |
)

same interval [ By definition of v,, the latter implies

Then

k k+1}

Z 2[))\ - Hf/Hoo >n
x_

9p(7) — gp(y) ’

so that g, € U,..

(f) Polynomials are dense in F, and we just proved that functions of class C' ! can be
approximated by elements of U, ., which is therefore dense in E.

(g) The Baire Category Theorem ensures that U = () nisdensein E. Let f € U

n>1
and z € [0, 1]. Then there is a sequence {z,} such that
1 n) —
0<|z,—z|<— and Jn) = /) >n,
n Tn —Y
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which prevents f from being differentiable at x.

‘Je me détourne avec effroi et horreur de cette plaie lamentable des fonctions continues qui
n’ont point de dérivées.”

C. Hermite, 1893.



