MATH 428 Spring 2023

Applications of Baire’s Theorem
Due Mar. 34

Problem 1. Let (F,d) and (F, ¢) be metric spaces.

Assume E complete and consider a sequence { f,, },>1 of continuous maps from E to
F that converges pointwise to f : £ — F.

(a) Consider, forn > lande > 0, theset .. = {z € £, Vp > n, 6(fu(2), fp(x)) < e}

Show that Q2. = Un21 Fz,g is a dense open subset of E.
(b) Show that every point z, € ). has a neighborhood N such that

Ve e N, 0(f(xo), f(x)) < 3e.

(c) Prove that f is continuous at every point of 2 = ﬂ Q. and that Q = E.

n>1

Problem 2. Let f be differentiable on R. Show that f’ is continuous on a dense set.

Hint: Apply the result of the previous problem to a well-chosen sequence.

Problem 3. (Optional.) The purpose of this problem is to show that nowhere differ-
entiable functions are dense in £ = C([0, 1], R) equipped with its ordinary norm.

>

Consider, fore > 0and n € N,

fly) — f(x)

Umg:{fEE,Vxe[O,l],Elye[(),l], |t —y| <e and ‘
y—x

(a) Prove that every set U,, . has a closed complement.
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For p > 1 integer, let v, be a continuous function on [0, 1], affine on each interval
[ ko k+1

2p" 2p
(b) Sketch the graphs of vy, v5 and vs.

} and such that v, (%) = 0 (resp. = 1) if k is even (resp. odd).

Let f be a function of class C' on [0,1] and g, = f + Av, with A > 0.
(c) Verify that g, can be chosen arbitrarily close to f in C([0, 1], R).

(d) Prove that
(@) = )| o |
r—y B

0l@) — w)|
il ‘ 1
for z # y in [0, 1]

n A1 lee

(e) Verity that g, € U,, . whenever p > )

(f) Prove that U,, . is dense in E.

(g) Conclude.



