Chapter 7

Semisimple Lie Algebras:
Basic Structure and
Representations

7.1 The Basic Structure of a Semisimple Lie Al-
gebra

The rest of the text is essentially going to be devoted to the structure theory
of semisimple and simple Lie algebras over R and C. We start off with an
important consequence of Cartan’s criterion for semisimplicity.

We say that a Lie algebra g is a direct sum of ideals if there exist ideals aq, . .., ai
of g such that g = a; @ - - - @ ai. Note that if i # j, then [a;,a;] C a; Na; = {0}.

Theorem 7.1.1. Let g be a semisimple Lie algebra over F. Then g is a direct
sum of simple ideals

g=g1D - D g. (7.1)

Any simple ideal of g is one of the ideals g;. Any ideal of g is a direct sum of
some of the g;’s.

Proof. If g is already simple, then we’re done. So assume that g is not simple.
Then g has ideals # {0} and # g. Let g; be a non-zero ideal of g of minimal
dimension.

The subspace gi- = {z € g| B(x,y) = 0 for all y € g1} is an ideal of g. In fact,
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if z € g1 and y € g, then for any z € g;, we have by Lemma 6.4.1,

B[z, 9], 2) = B(%@) =0, (7.2)

in g1
so [x,y] € g1

Next we prove that [g1,g1] = {0}. For this, let u € g; and v € gi-. Then for

any w € g, we have
B([u,v],w) = B(u, [v,w]) = 0.
——

in glL
Since B is nondegenerate, we conclude that [u,v] = 0.

It follows that

[o1 Not, 01 Ngi ) C lor, 1] = {0},
and hence g; Ngi is an abelian ideal of g. But since g is semisimple, this means
that g1 N g = {0}.

In addition, since B is nondegenerate, equation (1.34) says that dim g = dim g, +
dim gi-. Together with our observation that g; N g; = {0}, we see that

g=01 907 (7.3)

Now, by Proposition 6.4.3, the Killing form on the ideal gi is the restriction
of B to gi x gi. But B is nondegenerate on gi. In fact, if x € gi satisfies
B(z,g7) = {0}, then we also have B(x,g) = B(x,g1 ®g1) = {0}, so x = 0. By
Cartan’s criterion for semisimplicity, we conclude that gi is semisimple.

Next we observe that g; is a simple ideal of g. In fact, by the decomposition
(7.3), any ideal of gy is also an ideal of g. Then, by the minimality of dim g,
such an ideal is either {0} or g;.

We now apply the procedure above to the semisimple ideal gi- in place of g to
produce ideals g, and g” of g7, with go simple and g” semisimple, such that

gi=pog
Then by (7.3),
g=01®0og".

The decomposition above shows that both g, and g” are ideals of g. We then
apply the same procedure to g”, etc., to produce the direct sum (7.1) of simple
ideals of g.

Now suppose that m is an ideal of g. Let I = {i|g; C m} andlet J = {1,... ,k}\
I. We claim that m = @,.; g;. Certainly, m O ,.; ;. Now suppose that
rem\ @P,;c;9i- We decompose z according to the direct sum (7.1) to obtain

r=zr+ T,
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where

x;eg;::@gi and xJng::@gj.
icl jeJ

Since x ¢ gy, we have x5 # 0. But ;7 € gy C m, so we see that z; € m. If
[z7,9;] = {0} for all j € J, then [z;,g] = {0}, so z; lies in the center ¢ of g,
so x; = 0, contrary to zy # 0. Thus [z, g,] # {0} for some j € J. For this j,
we conclude that [m, g;] # {0}, and hence m N g; # {0}. Since g; is simple, it
follows that g; C m, so j € I, a contradiction. This shows that m = @, gi.

Finally, if m is a simple ideal of g, then there is only one summand in m =
EBieI @i, so m = g; for some 1. 0

Corollary 7.1.2. Let g be a semisimple Lie algebra over F. Then [g,g] = g.

Proof. By Theorem 7.1.1, g is a direct sum of simple ideals: g = Eszl g;. Since
each g; is simple, we have [g;, 9] = ¢i, and since the sum is direct, we have
[9:,09;] CginNg; = {0} for i # j. Hence

k k

9.0 = |Pe.Pa;
i=1 =1
= o5

i
= Zgi

‘
= @Gi

=1

Exercise 7.1.3. Prove the converse to Theorem 7.1.1: If g is a direct sum of
simple ideals, then g is semisimple.

Theorem 7.1.1 and Exercise 7.1.3 show that the study of semisimple Lie algebras
over [ essentially reduces to the study of simple Lie algebras over F.

Corollary 7.1.4. If g is a semisimple Lie algebra over F, then so are all ideals
of g and all homomorphic images of g.
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Proof. By Theorem 7.1.1, g is a direct sum of simple ideals g = @f:l g;, and
any ideal of g is a direct sum of some of the g;. By Exercise 7.1.3, any such
ideal must be semisimple.

~

If m is a homomorphic image of g, then m = g/a, where a is an ideal of g.
Now a is a direct sum a = P, ; gi, for some subset I C {1,...,k}. Put
J={1,...,n}\I. Then m = @jngj, a semisimple Lie algebra by Exercise
7.1.3. O

Theorem 7.1.5. Let g be a semsimple Lie algebra over F. Then g is complete,
that is, ad g = Derg.

We conclude this section with an important theorem, whose proof we shall omit.
(See [Jac79], Chapter III, §9.)

Theorem 7.1.6. (The Levi Decomposition) Let g be a Lie algebra over C, and
let Rs be its solvable radical. Then g is a direct sum of ideals g = Rs &L, where
the ideal T is semisimple.

The semisimple ideal Z, which is not unique, is called a Levi factor of g. If
7 is another Levi factor of g, then there is an automorphism ¢ of g such that

7.2 Simple Lie Algebras over R

In this section we obtain a general characterization of simple Lie algebras over
R. It turns out that there are essentially two types, depending on their com-
plexifications.

Theorem 7.2.1. Let g be a simple Lie algebra over R. Then g is exactly one
of the following two types:

1. A real form of a simple Lie algebra over C

2. A simple Lie algebra over C, considered as a real Lie algebra.

g is of the second type if and only if its complexification g¢ is the direct sum of
two simple ideals, both isomorphic (as real Lie algebras) to g.

Proof. We can assume that g # {0}. The Lie algebra g is, of course, semisimple
because of Exercise 7.1.3. Then by Lemma 6.4.7, the complexification g¢ of g is
semisimple. By Theorem 7.1.1, g€ is the direct sum of simple ideals

°=019g® D gn. (7.4)
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Now let o denote the conjugation of g¢ with respect to its real form g. The
image o(g1) is closed with respect to multiplication by complex scalars, since if
z € Cand v € g1, then zo(v) = 0(Zv) € o(g1). Thus o(g1) is a complex vector
subspace of g°. It is also an ideal of g¢ since

[0(g1), 8] = [o(g°), o(g1)]

Finally, o(g1) is a simple ideal of g°: if a is any ideal of o(g;1), then o(a) is an
ideal of g, so o(a) = g; or o(a) = {0}. Since o is bijective, this forces a = o(g1)
ora={0}.

Thus o(g1) must be one of the ideals g1, ..., gm. Suppose first that o(g1) = g1.
Then g; is o-invariant. Let a = {v € g1 |o(v) = v}. Clearly, a = g N g1, so a is
an ideal of g. Each = € g; can be written as

_xz+o(x)  i(o(x) —x)

~ T2 T

Both (z + o(2)/2 and i(o(x) — x)/2 belong to a, which shows that

g1 =adia

as real vector spaces. We conclude that a is a non-zero ideal of g, whence a = g.
Thus g1 = g®ig = g%, and so g is a real form of the complex simple Lie algebra

g1-

Suppose next that o(g1) = g; for some j > 2. Let h = g1 @ o(g1). b is then a
non-zero o-invariant ideal of g¢. The same reasoning as that in the preceding
paragraph then shows that h = g¢, and so

g°=g1®0(g1)
Thus g€ is the direct sum of two simple (complex) ideals. The map
x> x+o(x)

is then easily shown to be a real Lie algebra isomorphism from g; onto g. (See
the exercise below.) Thus g is isomorphic to a complex simple Lie algebra,
considered as a real Lie algebra. O

Exercise 7.2.2. In the last part of the proof of Theorem 7.2.1, show that
x +— x + o(x) is an real Lie algebra isomorphism of g; onto g.

The complete classification of complex simple Lie algebras was carried out by
Cartan and Killing in the early part of the twentieth century. This also classifies
the real simple Lie algebras of type (2) above. The classification of the real forms
of complex simple Lie algebras is a much harder problem, and is related to the
classification of symmetric spaces. This was also completed by Cartan in the
1930’s.
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7.3 Basic Representation Theory

In this section, we introduce some of the basic terminology and results of the
representation theory of Lie algebras, such as the complete reducibility of g-
modules when g is semisimple, Schur’s Lemma, and the representation theory
of s((2,C).

Definition 7.3.1. Let g be a Lie algebra over F. A vector space V over F is
called a g-module if there is a representation 7 of g on V.

Recall that we also say that g acts on V.

Definition 7.3.2. Let m : g — gl(V) and 75 : g — gl(W) be representations
of the Lie algebra g. A linear map T': V — W is said to intertwine m; and mo if
mo(x)oT =T om(x), for all z € g. We also say that T' is a g-equivariant linear
map from the g-module V' to the g-module W.

Thus T intertwines the representations m; and o if, for all = € g, the following
diagram commutes:

y Mm@ |y
T T
W W
ma(z)

If T is a linear isomorphism, we call T" a g-module isomorphism. In this case, it
is clear that 7! is also a g-module isomorphism from W onto V.

Definition 7.3.3. Let V be a g-module, via the representation 7. A subspace
U of V is called a g-submodule if W is invariant under all operators 7(z), for
all z € g. Thus the map ny : g — gl(U) given by my(z) = w(x)|y is a
representation of g on U.

If U is a g-submodule of V', we also say that U is a g-invariant subspace of V.
Note that the sum and the intersection of g-invariant subspaces is a g-invariant
subspace. In addition, if U is a g-invariant subspace, then the quotient space
V/U is a g-module via the quotient representation 7' given by

' (x)(v+U)=n(z) (v)+ U (7.5)

for all x € g and all v € V. (The relation n'[z,y] = [#'(x),7'(y)] follows
immediately from 7|z, y] = [7(x),7(y)].) We call V/U a quotient module.

Definition 7.3.4. A representation 7 of g on a vector space V is said to be
irreducible if V has no g-submodules other than {0} and V. We also say that
V' is an irreducible g-module.
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One more definition:

Definition 7.3.5. A representation 7 of g on a vector space V is said to be
completely reducible if, for any g-invariant subspace U of V, there exists a g-
invariant subspace W of V such that V. =U & W.

Example 7.3.6. A Lie algebra g acts on itself via the adjoint representation
ad : g — gl(g). A subspace a C g is g-invariant if and only if a is an ideal of g.
The adjoint representation is completely reducible if and only if, for any ideal
a of g, there is another ideal b of g such that g =a & b.

If g is semisimple, then ad is completely reducible. In fact, by Theorem 7.1.1,
g is a direct sum of simple ideals g = @le g;- If a is any ideal of g, then
a = P;ergi, for some subset I of {1,...,n}. Put J = {1,...,n}\ I, and let
b= ®;cs9;- Then b is an ideal of g such that g =a @ b.

In the above example, there’s nothing special about the representation ad.
What’s important is that g is semisimple, as the following theorem shows:
Theorem 7.3.7. (H. Weyl) Let g be a semismple Lie algebra over F. Then any
representation w of g is completely reducible.

The proof, which we omit, can be found in several places, such as [?], §6. For
convenience, we include a proof in Appendix 77

Here is an equivalent characterization of complete reducibility.

Theorem 7.3.8. Let V' be a vector space over F and let m be a representation
of a Lie algebra g on V. Then 7 is completely reducible if and only if V is a
direct sum of irreducible g-modules:

V=Vi® - ®V, (7.6)

Proof. Suppose that « is completely reducible. If V is already irreducible, then
there is nothing to prove. Otherwise, choose a g-invariant subspace V; of V| of
manimum positive dimension. Clearly, V3 is an irreducible g-module. Since 7 is
completely reducible, V; has a complementary g-invariant subspace W, so

V=VieWw (7.7)

If W is irreducible, then let Vo = W, and we are done. If it isn’t, there exists
an g-invariant subspace V5 of W, of minimum positive dimension. Then V3 is
irreducible. Moreover, V5 has a complementary g-invariant subspace W' in V:

V=V,oW (7.8)

We now claim that
W=V,® (W nw). (7.9)
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In fact, by equation (7.8) any w € W can be written as w = vg +w’, where vy €
Vo and w’ € W'. Since vy € W, it follows that w’ € W, so w' € W N W’. Thus
W =Vo+ (W NW’). The sum is direct, since VoN(WNW') C Vo n W’ = {0}.
This proves (7.9), and so by (7.7),

V=vieV,o(Wnw) (7.10)

The subspace W = W N W’ is an intersection of g-invariant subspaces, which
is g-invariant. Thus V is the direct sum of g-invariant subspaces

V=vVieVhoWw” (7.11)

If W is irreducible, put V3 = W’ and we’re done. If not, let V3 be a g-invariant
subspace of W’ of minimum positive dimension. Then V3 is irreducible, and,
just as we obtained the decomposition (7.11), we can write V as a direct sum
of g-submodules

V=VioVeVzoWw®. (7.12)

If we continue this procedure, we will eventually reach the decomposition (7.6)
above, since dim V' is finite.

Conversely, suppose that 7 is a representation of g on V', and that V is a direct
sum (7.6) of irreducible g-modules. We want to prove that 7 is completely
reducible. Let U be a g-invariant subspace of V, with U # {0} and U # V.

Since U # V, there is a subspace V;, among the irreducible subspaces in (7.6)
such that V;; ¢ U. Thus V;, NU is a proper g-invariant subspace of V;,; since
Vi, is irreducible, we conclude that V;, NU = {0}. Put U, = U V,,. f Uy =V,
then we can take V;, as our complementary g-invariant subspace. if Uy # V,
there is another irreducible subspace V;, in (7.6) such that V;, ¢ U,. Then
Vi, NUz = {0}, so we can let

Us=U20V;, =UV;, V.

If U3 = V, then we can take our complementary g-invariant subspace to be
W =V;, @V,,. If U3 # V, then there is a subspace V;, among the irreducible
subspaces in (7.6) such that V;, ¢ Us, and so forth. Since V is finite-dimensional,
this procedure ends after a finite number of steps, and we have

V=UeV,® --aV,.
The subspace W = V;, @- - -@V}_ is then our g-invariant complementary subspace

to U. O

Some authors define complete reducibility by means of the decomposition (7.6).
In general, neither this decomposition nor the complementary g-invariant sub-
space in the definition of complete reducibility is unique.
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Example 7.3.9. Consider the representation 7 of gl(2,C) on itself via matrix
multiplication:
mn(X)(Y)=XY

It is easy to see that 7 is indeed a representation, and that the representation
space gl(2,C) decomposes into the direct sum of irreducible subspaces:

w0 {( 2 §) [amecfo{(§ 3)

gl(2,C) also decomposes into the following invariant irreducible subspaces

g[(2,©):{<2 2) zl,zQeC}@{<Z _Z)

Theorem 7.3.10. (Schur’s Lemma) Let V be a vector space over F, and let ©
be an irreducible representation of g on V. If T € L(V) commutes with w(x),
for all x € g, then either T = 0 or T 1is invertible. If F = C, then T is just
scalar multiplication: T = Ay .

23,24 € (C}

23,24 € C}

Proof. First we observe that both the kernel and the range of T" are g-invariant
subspaces of V. In fact, if v € kerT, then T'(n(z)v) = 7(z) (T (v)) = 0, so
m(xz)v € ker T for all x € V. Likewise, w(z) (T(V)) = T(w(x)(V)) C T(V).

Since ker T is g-invariant and 7 is irreducible, we have either ker 7' = {0} or
kerT = V. In the former case, T is invertible, and in the latter case, T = 0.

Suppose now that F = C. Then our linear operator T has an eigenvalue A, so
ker (T — Ay) # {0}. But the operator T — AIy commutes with 7(x), for all
z € g. Thus, by the preceding paragraph, T'— Ay = 0, and so T = Ay . O

Exercise 7.3.11. A symmetric bilinear form ) on a Lie algebra g over F is
called g-invariant provided that

Q([.ﬁ, y]’ Z) = —Q(J?, [y’ Z])

for all x,y, z € g. For example, the Killing form B on g is g-invariant.

(a) If g is a simple Lie algebra over C, prove that any g-invariant symmetric
bilinear form ) on g is a constant multiple of the Killing form B.

(b) Let V' be a vector space over C. Suppose that g is a simple Lie subalgebra
of gl(V'). Prove that the Killing form B is a non-zero multiple of the trace
form Q(X,Y) = tr (XY).

Hint for Part (a): Show that there exists a unique linear operator 7" on g such
that Q(z,y) = B(Tx,y) for all z,y € g. Then show that Toadz = adx o T for
all z € g.



118 CHAPTER 7. SEMISIMPLE LIE ALGEBRAS

Now we turn to a simple but important topic: the representation theory of the
three-dimensional simple Lie algebra s[(2,C). As we will see later on, this is the
“glue” by which the structure of any complex simple Lie algebra is built upon.
Now by Weyl’s Theorem (Theorem 7.3.7), any finite-dimensional representation
of s[(2,C) is completely reducible, so to understand the (finite-dimensional)
representation theory of this Lie algebra, it suffices, by Theorem 7.3.8, to study
its irreducible representations.

Theorem 7.3.12. (The Basic Representation Theorem forsl(2,C).) Let (e, f, h)
be the standard basis of g = s1(2,C), with

(o0) =(Va) =0 )

Let  be an irreducible representation of g on a complex vector space V. Then
there exists an eigenvector vy of w(h), with eigenvalue A, such that m(e)vo = 0.
For each j € Z*, let v; = (n(f))? vo. Then the following properties hold:

1. The eigenvalue X\ is a non-negative integer n

2. V41 =0

3. (vo,v1,...,0y,) is a basis of V

4. m(f)vj = vin

5. w(h)v; = (n —2j) v;, so each basis vector v, is an eigenvector of mw(h)
6. w(e)v; =jn—j+1vj_1.

Remark: This theorem implies, among other things, that m(h) is a semisimple
linear operator on V with integer eigenvalues n, (n — 2), ...,—(n — 2), —
On the other hand, both 7(e) and n(f) are nilpotent operators, since their
matrices with respect to the basis (vg,v1,...,v,) of V are strictly upper and
lower triangular, respectively.

Proof. Since V is a complex vector space, the linear operator 7(h) has a complex
eigenvalue p. Let v be an eigenvector of w(h) corresponding to u. We claim
that 7(e) v belongs to the eigenspace of w(h) corresponding to the eigenvalue
1+ 2. In fact,

w(h) (m(e)v) = (e

Il
‘:tt

m(h)v) + (w(h) m(e) — w(e) w(h)) (v)
Jv+[m(h),m(e)]v
e)v + mlh,e] (v)
e)v+27(e)v
u+2) (e)v.

)
(e
(
(

™
™
™

~~
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A similar argument then shows that m(e)? (v) = m(e) (m(e)v) belongs to the
eigenspace of m(h) corresponding to the eigenvalue p 4+ 4. In general, 7(e)®v
belongs to the eigenspace of m(h) corresponding to the eigenvalue p + 2s. Since
7(h) has only finitely many eigenvalues, we must have 7(e)* v = 0 for some s €
N. Let s be the smallest positive integer such that 7(e)* v # 0 but w(e)*Tt v = 0.
Put vg = m(e)®v. Then m(e)vy = 0, and vy is an eigenvector of w(h). Let
A (= p + 2s) be its eigenvalue.

Now as prescribed in the statement of the theorem, for each j € N, we define
vj = m(f)? vo. This trivially gives conclusion (4). Let us now prove by induction
that for each j € ZT,

w(h)v; = (A —27)v;. (7.13)

If j = 0, the equation above is just w(h)vg = Avg, which is true by the hypoth-
esis on vg. Assume, then, that equation 7.13 is true for v;. Then

m(h)vjtr = m(h) (7(f)v;)

= 7(f) (w(h) v;) + [w(h), 7 (f)] (v;)

= (A —2j) 7(f)(v;) + w[h, f] (vj) (by induction hypothesis)
Jvj+1 — 27(f) (vy)

which proves that equation (7.13) is true for v; .

Thus, if v; # 0, it must be an eigenvector of 7(h) corresponding to the eigenvalue
A — 2j. Since eigenvectors corresponding to distinct eigenvalues are linearly
independent and V' is finite-dimensional, we conclude that there must be a
J € N such that v; = 0. Let n be the smallest non-negative integer such that
v, # 0 but v,41 = 0.

We will now prove by induction that for all j > 1,
mle)v; =jA—j+1)v;_1. (7.14)

Let us first verify equation (7.14) for 7 = 1. We have

m(e)vr = m(e) (m(f)vo)
=m(f) (w(e)vo) + e, flvo
=0+ 7w(h)wvg
= )\’Uo,

which is precisely equation (7.14) for j = 1.
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Next assume that equation 7.14 holds for v; (with j > 1). Then

m(e) vj41 = m(e) (7(f)v;)
=m(f) (w(e)v;) + wle, flv;
JA=j+ D) w(f)vj—1 + w(h)v; (by induction hypothesis)
=jA=j+Dv; + (A=2j)v,
=U+DA=J)v,
=0+DA=-0G+1)+ vy,

proving (7.14) for v;1.

If we now apply (7.14) to the vector v,+1 = 0, we get
0=mn(e)vpt1 = (n+1)(A—n)uv,.

Since v, # 0, we conclude that (n + 1)(A —n) = 0, and so A = n. This proves
conclusion (1). Plugging in A = n to equation (7.13), we obtain conclusion (5);
and plugging this into equation (7.14) gives us conclusion (6).

It remains to prove conclusion (3), that (vg,...,v,) is a basis of V. These
vectors are certainly linearly independent, since by (7.13), they are eigenvectors
of w(h) corresponding to distinct eigenvalues. From conclusions (4), (5), and
(6), we also see that the C-span of (vy, ..., vy) is invariant under 7(e), w(f), and
w(h). Since (e, f,h) is a basis of g, we see that this linear span is a g-invariant
subspace. Since V is an irreducible g-module, we conclude that this span is all
of V. This proves conclusion (3) and finishes the proof of Theorem 7.3.12. O

In Theorem 7.3.12, the non-negative integer n is called the highest weight of
the representation w. The vector vg is called a highest weight vector of 7; the
vectors v, .. ., v, are called weight vectors, and their eigenvalues n, n — 2, n —
4, ..., —(n —2), —n are called the weights of 7.

Theorem 7.3.12 says that, up to g-module isomorphism, any finite-dimensional
representation of sl[(2,C) is uniquely determined by its highest weight. It also
says that the representation space V has a basis (vy, . . . , v, ) satisfying conditions
(4)-(6) in the statement of the theorem.

Exercise 7.3.13. (Converse of Theorem 7.53.12) Fix a positive integer n, let V
be a vector space over C with basis (vg,v1,...,v,), and let 7, be the linear map
from s[(2,C) to gl(V') defined on the basis (e, f, h) of sl(2,C) by the relations
(4)-(6) in Theorem 7.3.12. Prove that 7, is an irreducible representation of

sl(2,C).

Actually, the representation 7, in Theorem 7.3.12 has an explicit realization.
Namely, let V' be the vector space of homogeneous degree n polynomials in two
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complex variables z and w, with complex coefficients. Thus the elements of V'
are polynomials of the form

-1 -1
p(z,w) = apz" + ap_12" w4+ -+ arzw™ T + apu”,

where au,, - -+ , ap are complex numbers. The following n+1 degree n monomials

Zn7 Z'n—lw7 . ,Z,wn—l’ w™

constitute a basis of V. For each matrix X = ( i b ) € s5[(2,C), define the

linear map 7(X) on V by

<7r( CCL 72 ) p) (z,w) = (az+cw)%+(b2—aw)%

If p(z,w) is homogeneous of degree n, it is clear that the right hand side above
is also homogeneous of degree n. Since m(X) is given by a linear differential
operator, it is therefore clear that 7(X) is a linear operator on V.

Exercise 7.3.14. Prove that X — m(X) is a Lie algebra homomorphism of
5[(2,C) into gl (V). For this you need to show that X +— 7w (X) is linear (straight-
forward), and that 7[X,Y] = [n(X),n(Y)], for all X, Y € sl(2,C). Show that
this amounts to proving that for all polynomials p in two variables z and w,

5} 0
asz + CQw)& + (bez — agw)% (p)
9p

0
= ((6162 7Clb2)2+2(61a2 7&102)10) £ + (2(0,1[)2 7b1a2)2’7 (blcg 7011)2)10) %

(a1z + cow)— + (b1z — ayw)

0z %’(

Exercise 7.3.15. Put vy = 2" and for j = 1,...,n, put v; = P(n,j)z" 9w,
where P(n,j) = n!/(n — j)!. Then V has basis (vg,...,v,). Prove that these
basis vectors satisfy the relations (4)-(6) in Theorem 7.3.12.
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