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Reductive Groups

@ Let G C GL(n,C) be a closed linear group stable under
conjugate transpose. This is a complex reductive group.

Angel Roman Mackey Bijection & Cont. Fields of C*-Alg.



Reductive Groups

@ Let G C GL(n,C) be a closed linear group stable under
conjugate transpose. This is a complex reductive group.

@ A group G is a real reductive group if G = Go N GL(n, R)
where Gg is a complex reductive group.

Angel Roman Mackey Bijection & Cont. Fields of C*-Alg.



Reductive Groups

@ Let G C GL(n,C) be a closed linear group stable under
conjugate transpose. This is a complex reductive group.

@ A group G is a real reductive group if G = Go N GL(n, R)
where Gg is a complex reductive group.

@ The Lie algebra g of G decomposes as £ & p (Cartan
decomposition),

Angel Roman Mackey Bijection & Cont. Fields of C*-Alg.



Reductive Groups

@ Let G C GL(n,C) be a closed linear group stable under
conjugate transpose. This is a complex reductive group.

@ A group G is a real reductive group if G = Go N GL(n, R)
where Gg is a complex reductive group.

@ The Lie algebra g of G decomposes as £ & p (Cartan
decomposition),

@ The subalgebra ¢ consists of skew-Hermitian matrices and p
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Reductive Groups

@ Let G C GL(n,C) be a closed linear group stable under
conjugate transpose. This is a complex reductive group.

@ A group G is a real reductive group if G = Go N GL(n, R)
where Gg is a complex reductive group.

@ The Lie algebra g of G decomposes as £ & p (Cartan
decomposition),

@ The subalgebra ¢ consists of skew-Hermitian matrices and p
consists of Hermitian matrices.

@ The Lie group K, whose Lie algebra is £ is a maximal compact
subgroup.

@ We can construct an /wasawa decomposition to be seen later.
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Cartan Motion Group

@ The Cartan motion group of G is defined as Gp = K x (g/%),
with composition (k, X) - (ko, Xo) = (kko,AdkO—1(X) + Xo).
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Cartan Motion Group

@ The Cartan motion group of G is defined as Gp = K x (g/%),
with composition (k, X) - (ko, Xo) = (kko,AdkO—1(X) + Xo).

e Example: G = SL(2,R) is a real reductive group. Its Cartan
motion group is Gp = SO(2) x sl(2,R)/s0(2).
@ Here s[(2,R) are the traceless matrices and matrices in s0(2)

has the form {—Ob g]
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Irreducible Unitary Representations

@ A unitary representation w: G — U(H) of G on a Hilbert
space H is unitary if w(g) is a unitary operator for every
geG.
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Irreducible Unitary Representations

@ A unitary representation w: G — U(H) of G on a Hilbert

space H is unitary if w(g) is a unitary operator for every
geG.

e Two representations m an 7’ are (unitarily) equivalent if there
is a (unitary) intertwining map A : H — H’ such that
An(g) = n(g)A.
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space H is unitary if w(g) is a unitary operator for every
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Irreducible Unitary Representations

@ A unitary representation w: G — U(H) of G on a Hilbert
space H is unitary if w(g) is a unitary operator for every
geG.

e Two representations m an 7’ are (unitarily) equivalent if there
is a (unitary) intertwining map A : H — H’ such that
An(g) = n(g)A.

@ A representation 7 is irreducible if the only invariant
subspaces of H under 7(g) for all g € G is {0} and H itself.

o Let Gy be the space of equivalence classes of irreducible
unitary representations of Gy.

o Let G be the space of equivalence classes of irreducible
unitary representations of G.
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Mackey Bijection

George Mackey made an observation based on physical
interpretation that there is perhaps some kind of one-to-one
correspondence between irreducible unitary representations of Ggy
and ireducible unitary representations of G.
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Mackey Bijection

George Mackey made an observation based on physical
interpretation that there is perhaps some kind of one-to-one
correspondence between irreducible unitary representations of Ggy
and ireducible unitary representations of G.

@ Let's make this more precise.

o Let G, be the space of equivalence classes of irreducible
tempered representations.

@ Tempered representations are those representations whose
matrix coefficients are in L?T¢(G) for each ¢ > 0.
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Mackey Bijection

George Mackey made an observation based on physical
interpretation that there is perhaps some kind of one-to-one
correspondence between irreducible unitary representations of Ggy
and ireducible unitary representations of G.

@ Let's make this more precise.

o Let G, be the space of equivalence classes of irreducible
tempered representations.

@ Tempered representations are those representations whose
matrix coefficients are in L?T¢(G) for each ¢ > 0.

The Mackey Bijection

There is a one-to-one correspondence between Gg and G,.
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Irreducible Tempered Dual of Unitary Dual of
SL(2,R) > 50(2) x (sl(2,R)/s0(2))
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Principal Series of Complex Reductive Groups

e lwasawa DecompostionThe complex reductive group G
decomposes as KAN, where K is maximal compact subgroup,
A is abelian group, and N is unipotent.
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e lwasawa DecompostionThe complex reductive group G
decomposes as KAN, where K is maximal compact subgroup,
A is abelian group, and N is unipotent.

o Let M = Zk(a). Then the minimal parabolic subgroup
decomposes as P = MAN.

o Let o € M with representation space H, and let v € a*, a real
linear functional on a.
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Principal Series of Complex Reductive Groups

e lwasawa DecompostionThe complex reductive group G
decomposes as KAN, where K is maximal compact subgroup,
A is abelian group, and N is unipotent.

Let M = Zk(a). Then the minimal parabolic subgroup
decomposes as P = MAN.

Let ¢ € M with representation space H, and let v € a*, a real
linear functional on a.

A principal series representation of G is a unitary induced
representation

Moy = Indg(o’ @ exp(iv) ®1).
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Principal Series of Complex Reductive Lie Groups

@ The principal series of complex reductive Lie groups are
irreducible and unitary.
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Principal Series of Complex Reductive Lie Groups

@ The principal series of complex reductive Lie groups are
irreducible and unitary.

@ For a complex reductive group, the principal series are the
only irreducible tempered representation.

@ Two principal series 7., and 7y, ., are unitarily equivalent if
and only if there is a w € Nk(a) such that 0 = wo and
g = wvr.

The Weyl group is defined as W = Nk(a)/Zk(a).
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Principal Series of Complex Reductive Lie Groups

@ The principal series of complex reductive Lie groups are
irreducible and unitary.

@ For a complex reductive group, the principal series are the
only irreducible tempered representation.

@ Two principal series 7., and 7y, ., are unitarily equivalent if
and only if there is a w € Nk(a) such that 0 = wo and
g = wvr.

The Weyl group is defined as W = Nk(a)/Zk(a). Then the space
of equivalence classes of irreducible tempered representations is

G = (M x A)/w.
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Irreducible Unitary Representations of Cartan Motion

Group

o Let g/€=p. Let x € p, unitary character of p.
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o Let g/€=p. Let x € p, unitary character of p.

@ Let K, be the isotropy subgroup of K. That is, the subgroup
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@ All irreducible unitary representation of Gg is given by
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Irreducible Unitary Representations of Cartan Motion

Group

o Let g/€=p. Let x € p, unitary character of p.

@ Let K, be the isotropy subgroup of K. That is, the subgroup
consisting of k such that x(Adk(X)) = x(X) for all X € p.

@ All irreducible unitary representation of Gg is given by

— Go
Dy = Indi L T © X

@ The following irreducible representations ¢y, and ¢y, - are
unitarily equivalent if and only if there is a k € K such that

Xo(X) = x(Adk(X)) and Tyo = Ty © Ady .
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Irreducible Unitary Representations of Cartan Motion

Group

o Let g/€=p. Let x € p, unitary character of p.

@ Let K, be the isotropy subgroup of K. That is, the subgroup
consisting of k such that x(Adk(X)) = x(X) for all X € p.

@ All irreducible unitary representation of Gg is given by
by r. =Ind® 7. ®
XoTx Kyxp "X X
@ The following irreducible representations ¢y, and ¢y, - are

unitarily equivalent if and only if there is a k € K such that

Xo(X) = x(Adk(X)) and Tyo = Ty © Ady .

Go = {(1y, X)Ix € B, 7 € Ky }/K.



Completing the Mackey Bijection

o Let a be maximal abelian Lie algebra in p. Let a'. Every
X € p is conjugate by some k € K to xg € p such that xo

vanishes on a*.
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Completing the Mackey Bijection

o Let a be maximal abelian Lie algebra in p. Let a'. Every

X € p is conjugate by some k € K to xg € p such that xo
vanishes on at.
@ We may view xq as a character of a, unique up to conjugacy

by W. Then
p/K=a/W.
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Completing the Mackey Bijection

o Let a be maximal abelian Lie algebra in p. Let a'. Every
X € p is conjugate by some k € K to xg € p such that xo

vanishes on a*.

@ We may view xq as a character of a, unique up to conjugacy
by W. Then
p/K=a/W.

e For all x € a, we have M contained in K, and is a maximal
torus.
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Completing the Mackey Bijection

o Let a be maximal abelian Lie algebra in p. Let a'. Every
X € p is conjugate by some k € K to xg € p such that xo

vanishes on a*.

@ We may view xq as a character of a, unique up to conjugacy
by W. Then
p/K=a/W.

e For all x € a, we have M contained in K, and is a maximal
torus.

@ By highest weight theorem, we can parametrize Rx by weights
oceM.
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Completing the Mackey Bijection

o Let a be maximal abelian Lie algebra in p. Let a'. Every
X € p is conjugate by some k € K to xg € p such that xo

vanishes on a*.

@ We may view xq as a character of a, unique up to conjugacy
by W. Then
p/K=a/W.

e For all x € a, we have M contained in K, and is a maximal
torus.

@ By highest weight theorem, we can parametrize Rx by weights
oceM.

Mackey Bijection for Complex Reductive Lie Group

Go = (ax M)/W = (Ax M)/W = G,.
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Reduced group C*-Algebra

o The left regular representation A of G is defined on L?(G) by
Mg)f(x) = f(g™'x).
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Reduced group C*-Algebra

o The left regular representation A of G is defined on L?(G) by

Mg)f(x) = f(g7"x).
o Let fy € L1(G). Then we can define
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Reduced group C*-Algebra

o The left regular representation A of G is defined on L?(G) by

Mg)f(x) = f(g7"x).
o Let fy € L1(G). Then we can define

AR)F(x) = fo x F(x) = /G h(2)A\g)F(x) de.

@ \(fy) is a bounded operator on L%(G), so define a norm
o]l = IA(f)ll (2(6))-
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Reduced group C*-Algebra

o The left regular representation A of G is defined on L?(G) by

Mg)f(x) = f(g7"x).
o Let fy € L1(G). Then we can define

AR)F(x) = fo x F(x) = /G h(2)A\g)F(x) de.

@ \(fy) is a bounded operator on L%(G), so define a norm
o]l = IA(f)ll 5(12(6))-

The reduced group C*-algebra C*(G) is the completion of L(G)
under this norm.
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Reduced group C*-Algebra

o The left regular representation A of G is defined on L?(G) by
Mg)f(x) = f(g™'x).
o Let fy € L1(G). Then we can define

AR)F(x) = fo x F(x) = / h(2)A\g)F(x) de.

G

@ \(fy) is a bounded operator on L%(G), so define a norm
o]l = IA(f)ll 5(12(6))-

The reduced group C*-algebra C*(G) is the completion of L(G)
under this norm.

There is a one-to-one correspondence between tempered
representations of G and non-trivial representations of C(G).
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Deformation Space

o Let N6K = TG|k/TK be the normal bundle to K.
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Deformation Space

o Let N6K = TG|k/TK be the normal bundle to K.

@ Define
NegK = (NGKX{O}) UGxR*.
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Deformation Space

o Let N6K = TG|k/TK be the normal bundle to K.

@ Define
NegK = (NGKX{O}) UGxR*.

@ There is a unique smooth manifold structure such that the

mapping NgK — G x R defined by

(kexp(X),t) — (kexp(t71X),t) if t#£0
(k,X,0) — (kexp(X),0) ift=0

is a diffeomorphism.

Angel Roman Mackey Bijection & Cont. Fields of C*-Alg.



Deformation Space

o Let N6K = TG|k/TK be the normal bundle to K.

@ Define
N¢gK = (NGKX{O}) UGxR*.

@ There is a unique smooth manifold structure such that the
mapping NgK — G x R defined by

(kexp(X),t) — (kexp(t71X),t) if t#£0
(k,X,0) — (kexp(X),0) ift=0

is a diffeomorphism.
@ The normal bundle has a group structure.

We call the set Nk G together with its smooth structure and group
structure, the deformation space.
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Continuous Field Associated to the Deformation Space

@ Let G; be the fiber over t of NgK — R.
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Continuous Field Associated to the Deformation Space

@ Let G; be the fiber over t of NgK — R.

o Put a Haar measure on G;: dg; := |t|~9mF) dg for t # 0,
and dgp = dk dX for t = 0.
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@ Let G; be the fiber over t of NgK — R.

o Put a Haar measure on G;: dg; := |t|~9mF) dg for t # 0,
and dgp = dk dX for t = 0.

o Let {C/(G;)} be a family of C*-algebras associated to the
deformation space.
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Continuous Field Associated to the Deformation Space

@ Let G; be the fiber over t of NgK — R.

o Put a Haar measure on G;: dg; := |t|~9mF) dg for t # 0,
and dgp = dk dX for t = 0.

o Let {C/(G;)} be a family of C*-algebras associated to the
deformation space.

o Let f € C°(INgK). Define f; : Gt — C by

fi(g) = f(g,t) if t #0 and
fo(k,X) = f(k,X,0) if t =0,
so that {f;} is a section of {C}(G;)}.
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Continuous Field Associated to the Deformation Space

@ Let G; be the fiber over t of NgK — R.

o Put a Haar measure on G;: dg; := |t|~9mF) dg for t # 0,
and dgp = dk dX for t = 0.

o Let {C/(G;)} be a family of C*-algebras associated to the
deformation space.

o Let f € C°(INgK). Define f; : Gt — C by

fi(g) = f(g,t) if t #0 and
fo(k,X) = f(k,X,0) if t =0,
so that {f;} is a section of {C}(G;)}.

The sections {f;} defined from f € C°(INgK) generates the

continuous sections of {C}(G;)}, making it a continuous field of
C*-algebras associated to the deformation space.
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Main Result for Complex Reductive Groups

Let {f;} be a continuous section of the continuous field of
C*-algebras associated to the deformation space {C;(G;)}.

Theorem

There is a one-parameter group of rescaling automorphisms
{at}eso such that

lim o (£

t—0 t( t)

exists and defines an embedding of C*-algebras

a: CH(Gy) = CX(G).

Angel Roman Mackey Bijection & Cont. Fields of C*-Alg.



Fourier Structure Theorem

Recall

1

Gr
where W = NK(a)/ZK(a).

(M x A)/w,

Define
o CF(G) = Go(a*, K(L2(K)7))

by 7 (f)(v) = 7o, (f), where 75, € G,. Here, 0 € M and v € A.
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Fourier Structure Theorem

Recall

where W = NK(a)/ZK(a).

Define
Ty : CH(G) — Co(a*, K(L2(K)?))

by 7 (f)(v) = 7o, (f), where 75, € G,. Here, 0 € M and v € A.

Theorem

The principal series representations induce a C*-algebra
isomorphism

w

=@, C(G) =5 | @D Gola*, K(LA(K)?))

UGM 06/\//\]
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Intertwining Operators

There are (normalized) intertwining operators
A(w,0,v) : IndS Hy — Ind$ Hyo

such that myow, A(w, 0,v) = A(w, 0, V)7, .
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Intertwining Operators

There are (normalized) intertwining operators
A(w,0,v) : IndS Hy — Ind$ Hyo

such that 7o wo A(w, o, v) = A(w, 0,v)7,,. Define
W, ={w € Wlwo = o}.
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Intertwining Operators

There are (normalized) intertwining operators
A(w,0,v) : IndS Hy — Ind$ Hyo

such that 7o wo A(w, o, v) = A(w, 0,v)7,,. Define
W, ={w € W|wo = o}. Then

GG = @ Gla" KL (K)7)"

ceNl/w
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Intertwining Operators

There are (normalized) intertwining operators
A(w,0,v) : IndS Hy = IndS Hyo
such that 7o wo A(w, o, v) = A(w, 0,v)7,,. Define
W, ={w € W|wo = o}. Then
GG = @ Gla" KL (K)7)"
ceNl/w

Now for each w € W, there are (normalized) intertwining
operators A(w, o, v) such that

A(w, o, v)ms(f)(v) = 7o (F)(wr)A(w, o, v).
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Rescaling Automorphisms

Now, we define a; . to be the fundamental domain of the action
of W,.
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Rescaling Automorphisms

Now, we define a; . to be the fundamental domain of the action
of W,.

= P Golag ., K(LP(K))).

ceM/wW
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Rescaling Automorphisms

Now, we define a; . to be the fundamental domain of the action
of W,.

= P Golag ., K(LP(K))).

ceM/wW
o Define, for t > 0 and o € M/W, an automorphsim
e Go(ay 4, K(L(K)7)) — Co(az . K(LX(K)))

by aq+(f)(v) = f(t ).
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Rescaling Automorphisms

Now, we define a; . to be the fundamental domain of the action
of W,.

= P Golag ., K(LP(K))).

ceM/wW
o Define, for t > 0 and o € M/W, an automorphsim
e Go(ay 4, K(L(K)7)) — Co(az . K(LX(K)))

by apt(F)(v) = f(t7tv).
e Define the automorphisms a; : C(G) — C(G) by

o (@en) o
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Theorem about Limit

Define A¢ : C*(G:) — C*(G) by the formula

i |g = [t77h(e)].

for f, € C=°(Gy).
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Theorem about Limit

Define A¢ : C*(G:) — C*(G) by the formula

i |g = [t77h(e)].
for f, € C(Gy).

Theorem

If {f:} is a continuous section of the continuous field {C}(G;)},
then the limit

lim ae(Ae(Fe))

t—0
exists in C}(G).
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Embedding Morphism

Let f € C(Gp). Extend f in any way to a continuous section {f;}
of {C}(G;)} and then form the limit

a(f) = t|l_f110 ar(Ae(fr))

in C(G).
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Embedding Morphism

Let f € C(Gp). Extend f in any way to a continuous section {f;}
of {C}(G;)} and then form the limit

a(f) = t|l_f110 ar(Ae(fr))

in C(G).

Theorem
The above formula defines an embedding of C*-algebras

a: CH(Gy) — CX(G).
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Characterization of Mackey Bijection

Theorem

There is a unique bijection

such that for every m € G,, the element u(w) € Gy may be realized
as a unitary subrepresentation of m o a.

@ This is given by the Mackey bijection
Ty 7 ¢V,TV7

already established.
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Considering Real Reductive Groups

From my 2019 dissertation:

Let G = SL(2,R). The tempered representations are:

@ the principal series 7., and 71, induced from the minimal
parabolic subgroup P = MAN. We can parametrize v by R.

@ the discrete series D,,, where n is an integer and |n| > 2. Then

G (G) = P K(Hn) © Co(R, K(Ind§ H,))?/?*
@ Go(R, K(Ind$ Hy))%/?%.

@ On the discrete series component, define
ant : K(Hp) = K(Hp) by ant(T) =T for T € K(H,).
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@ The component Go(R, K(Ind§ H;))%/?% is equivalent to
Go([0, 00), K(Ind§ Hy)).

o define ay ¢ in the usual way: aq (F(t~1v)).

@ The component Go(R, K(Ind§ H,.))%/?% is equivalent to
Co(R, K(Ind$ H,)) with the condition that

A(w,€,0)F(0) = F(0)A(w,¢,0).

But A(w,¢,0) is not a scalar multiple of the identity map.
This correspond to the fact that 7o is reducible.

We can still define o, in the usual way since t > 0.

Using these rescaling map, we can induce an embedding of
C*-algebras
a: G (Gy) — CF(G).
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Ongoing Work: Real Reductive Groups

joint work with Nigel Higson and Pierre Clare

Let G = SL(n,R) where n = 4.
@ There are three classes of cuspidal parabolic subalgebras of g

Po = MpAoNo P1 = M A1 N, P> = My Ao Ns.

@ Here My = {diag(e€1,€2,€3,€4) : € = £1 and e1epe3e4 = 1},

@ Here elements of M; has the block-diagonal form
SLi(2,R) x diag(€1,€2) where € = 1 and the determinant is
1.

@ Here elements of M, has the block-diagonal form
SLL(2,R) x SL+(2,R).

C(G) = @D Go(ap, K(IndB Hp 5)) "o
[P.o]

where [P, o] is the equivalent classes, P is a cuspidal parabolic
subgroup and o is a discrete series of M.
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Consider only the minimal parabolic subgroup component
Py = MyAgNg.
@ Goal: we would like to find a fundamental domain a}a+
under the action of Wp .

@ The finite group Wp , has order 8 and can be generated by 3
elements of order one: wy, wp, r. Not a Weyl group.

o Wp, = (w1, wy) is a Weyl group and R = (r).

ﬁ\
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Let a’,‘J’UHr be the fundamental domain under the action of
A’P?U.

Then the component Co(ab, K(Ind§ Hp ,))Po becomes
Co(ap, K(Ind§ Hp,))R.

We would like to find a fundamental domain under R. See
figure.

Problem: there are v € a’,‘3707+ such that

A(r,o,v)F(v) = F(v)A(r,o,v) and A is not a scalar
multiple of the identity. Under the naive scaling
automorphism, a;(F) would not be invariant under R.

ﬁ\
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Thank You!
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