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Faces of maximal dimension
are called facets.

Definition

A simplicial complex ∆ is called shellable if its facets can be
arranged into a total order F1,⋯, Ft in such a way that the
subcomplex (⋃k−1

i=1 Fi) ∩ Fk is pure and (dimFk − 1)-dimensional
for 2 ≤ k ≤ t. Such an ordering of facets is called a shelling.
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EL-Shellable

A graded poset (P,≤) is EL-shellable
if there exists a labelling of the edges
of the Hasse diagram of P such that,
between any two elements x, y ∈ P sat-
isfying x ≤ y,

1 there is a unique increasing
chain of labels, and

2 the increasing chain is minimal
(lexicographic ordering).

Theorem (Björner and Wachs)

EL-shellable Ô⇒ shellable.
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Theorem

Let D be a diagram. If there exists D∗ ∈KD(D) such that D∗

contains either of the subdiagrams illustrated below, then P(D)
is not (EL-)shellable.

⨉

⨉

⨉ ⨉

⋮

⨉

⨉

(
At least one cell per row and
one empty position per column

)
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Definition

A hook diagram is a diagram which, after removing empty
columns, is of the form illustrated below or can be formed from
such a diagram by applying Kohnert moves.

⨉ ⨉⋯

⨉

⋮

Example

⨉⨉⨉⨉
⨉
⨉

⨉ ⨉
⨉

⨉

⨉
⨉
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Definition

A hook diagram is a diagram which, after removing empty
columns, is of the form illustrated below or can be formed from
such a diagram by applying Kohnert moves.

⨉ ⨉⋯

⨉

⋮

Theorem

If D is a hook diagram, then P(D) is EL-shellable.
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Why are hook diagrams
always shellable?

Lemma

Let D be a hook diagram. If

D′ =D
×
×
×
Ö

(r,c)

(r−k,c)
and D′ ≺⋅D,

then k = 1.

⨉⨉⨉⨉
⨉
⨉
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Theorem

Let D be a hook diagram
and I = [D1,D2] be an
interval in P(D). If C1,C2
are maximal chains in I,
then the multiset of labels
for C1 equals the multiset of
labels for C2.

1

2

12

1 2

1

2
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2

1

1 2
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