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Representation Theory Basics

Informally, representation theory is about representing elements of an abstract algebraic
structure (such as a group) as actions on a vector space.
Definition (Group Representation)
A representation of a group G is a group homomorphism:
n:G— GL(V)
where GL(V) is the general linear group on a vector space V.
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Toward a Holographic Transform for the Quantum Clebsch-Gordan Formula

Definition (Subrepresentation, Irreducible)

Assume G has a representation 7 on V. If U is a subspace of V which is invariant under the
action of G, we can consider the map:

my: g m(g) lu
which we call a subrepresentation. A representation 7 : G — GL(V) is irreducible if it has
no proper, nontrivial subrepresentations.

Definition (Intertwiner)
Assume G has representations 7y on V; and 7, on Va. A linear map:
T:Vi->V,
such that, forallge G,ve V:
T(r1(g)v) = m2(9)T(v)
is called an intertwiner or equivariant map.

A bijective intertwiner may be called an isomorphism of modules.
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Toward a Holographic Transform for the Quantum Clebsch-Gordan Formula

Symmetry Breaking Operator

Let G be a group, G’ be a subgroup, and:
7:G— GL(V)
be an irreducible representation.

We may consider the restriction:
nlg: G — GL(V)
which is a representation of G’ (but not necessarily irreducible).

Suppose we also have an irreducible representation:
p:G — GL(W)

A symmetry breaking operator is a linear map:

v VoW
which is an intertwiner for | and p.
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An Elementary Example

Let C[xi, ..., Xn]x) be the space of complex polynomials homogeneous of degree k € N.

Consider any polynomial:
p(x) € Clx1,.... X)) ~ Where  x=[x,...,X]

We may present p(x) in the following form, based on decreasing powers of x,:
k

p(x) = Z r(x)x where X' =[xq,...,Xn0_1]

=0
For any 0 < ¢ < k, we can thus consider the map:
Y C[X1, e, Xn](k) — C[X1, - ,Xn_1](()
p(x) = re(x’)

We immediately observe that y, is linear and decreases the number of variables in its
domain.
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Toward a Holographic Transform for the Quantum Clebsch-Gordan Formula

Let G = GL(n,C). The general linear group G has an irreducible representation r on
ClX1, .-+ Xnl k)

n(g@)p(x) =p(xg) and  x=[x1,...,Xn]
where g € G and p(x) € C[xy, ..., Xp](x)-

We can embed G’ = GL(n - 1,C) in G as a subgroup including invertible matrices of the
form:

* ... % 0
* ... x 0
o ... 0 1

We may then consider 7 |g, under which G’ acts on the first n — 1 variables in x.
Then, we note G’ likewise has an irreducible representation p on C[xy, ..., Xp_1]s)-

Now:
Ve Clx, ..o Xl gy = ClX1, ..., Xno1] o)
intertwines 7 |g and p and is therefore a symmetry breaking operator.
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Toward a Holographic Transform for the Quantum Clebsch-Gordan Formula

Symmetry Breaking Transforms and Holographic Transforms

We also note that we actually defined a collection of symmetry breaking operators.
{l/l[ : C[X1,. -~9Xn](k) bd (C[X1,...,Xn,1](g) | 0<¢< k}
Such a collection is called a symmetry breaking transform.

Suppose we had an intertwiner in the opposite direction:
¢€ : C[X1, . ,Xn_1](€) d C[X1, “e 9Xn](k)

Such a map is called a holographic operator and increases the number of variables in its
domain.

A collection of holographic operators such as:
{(ﬁg : C[X1, . ,Xn_1](g) b C[X1, . ,Xn](k) |0<¢< k}
is called a holographic transform.
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Toward a Holographic Transform for the Quantum Clebsch-Gordan Formula

Symmetry

What is the reasoning behind the name “symmetry breaking operator?”

Remark

Roughly speaking, a symmetry breaking operator specializes an irreducible representation
of G to a component, which is an irreducible representation of G’.

Thus, it “breaks” some of the symmetries from the larger group G.
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Toward a Holographic Transform for the Quantum Clebsch-Gordan Formula Symmetry Breaking Transforms and Holographic Transforms

Tensor Products of Group Representations

Let G be a group and assume V and W are vector spaces carrying irreducible
representations of G.

We have that G x G acts irreducibly on V@ W.

V ® W also carries a representation of G, embedded diagonally in G x G, which is not
necessarily irreducible.

Assume G also has an irreducible representation on some vector space U.

Then, we have that any intertwiner:
y:VeW-U
is a symmetry breaking operator. Likewise, any intertwiner:
p:U->VeW
is a holographic operator.
For this talk, we are interested in decompositions of tensor products of
representations of the Lie group:
SL(2,C) ={X € GL(2,C) | det(X) = 1}
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Toward a Holographic Transform for the Quantum Clebsch-Gordan Formula

The Lie Algebra sl(2, C)

We will study the representation theory of SL(2, C) via the representation theory of the Lie
algebra:

sl(2,C) = {X € Mx(C) | Tr(X) = 0}
under the commutator bracket:

[X,Y] = XY - YX
The Lie algebra s1(2, C) has a basis:

welo o x=f0dl v-e Y

We can directly compute the commutator brackets of each pair of basis vectors:
[X,Y]=H, [H. X] =2X, [H, Y] =-2Y
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Toward a Holographic Transform for the Quantum Clebsch-Gordan Formula

Definition (Highest Weights)

Let V be a s1(2,C)-module and A € C. A vector v # 0 in V is of weight A if Hv = Av. If
Hv = Av and Xv = 0, then v is a highest weight vector of weight A.

Proposition

Any non-zero finite dimensional s1(2, C)-module has a highest weight vector.
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Toward a Holographic Transform for the Quantum Clebsch-Gordan Formula

Classifying Finite Dimensional sl(2, C)-modules

Theorem

Let V be a finite dimensional irreducible s1(2, C)-module. We have:
© V is generated by a highest weight vector v of weight A.
® The scalar A is an integer equal to dim(V) — 1.
@ As ansl(2,C)-module, V is unique up to isomorphism.

Conversely, any finite-dimensional s1(2, C)-module generated by a highest weight vector is
irreducible.

v

We will henceforth denote a finite dimensional, irreducible s1(2, C)-module of highest weight
nby V(n).

Theorem

Any finite dimensional s1(2, C)-module is completely reducible, i.e the direct sum of
irreducible s1(2, C)-modules.
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Toward a Holographic Transform for the Quantum Clebsch-Gordan Formula

Theorem (Clebsch-Gordan)
Let n > m be non-negative integers. Then there exists an isomorphism of sl(2, C)-modules:
Vine Vim)=zV(n+m)eV(n+ m-2)&---aV(n-m+2)® V(n-m)

Proof.
Assume for 0 < p < m, there exists a highest weight vector w,, of weight n+ m —2p in
V(n) ® V(m). Then, for each p, there exists a nonzero morphism:

¢p: V(n+m-2p) - V(n)® V(m)
which maps the highest weight vector of V(n+ m —2p) to w,. Since V(n+ m—2p)is
irreducible, ker(¢,) = 0 and ¢, is injective. Since V(n+ m — 2p) are pairwise
non-isomorphic,

D 4

0<p<m
is injective.
To conclude, we have:
m
dim[@ V(n+ m—2p)) =Y (n+m=2p+1)=(m+1)(n+1) =dim(V(n) ® V(m))

0<p<m p=0

O

v
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Toward a Holographic Transform for the Quantum Clebsch-Gordan Formula

Symmetry Breaking Operators and Holographic Operators for the
Clebsch-Gordan formula

Given the Clebsch-Gordan formula:
VinjeVim)=V(n+m)yeV(n+ m-2)a---eV(n-m+2)e V(n-m)

We can naturally search for a symmetry breaking transform:
{yp: V(nN)®V(m) > V(n+m-2p) | 0<p<m}

and a holographic transform:
{¢p: V(n+m-2p) > V(n)@ V(m) | 0<p<m}

14/39



Toward a Holographic Transform for the Quantum Clebsch-Gordan Formula

Uniqueness of Symmetry Breaking Operators and Holographic Operators

The decomposition in the Clebsch-Gordan formula is multiplicity free. Thus, by Schur’s
Lemma, we have:
Proposition
Fix0 < p <m<n, and let:
T,T :V(n+m-2p) — V(n)® V(m)

be two nonzero intertwiners between modules in the Clebsch-Gordan formula. Then
AT’ = T must hold for some 1 € C.
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Explicit sI(2, C)-modules

Proposition

Let C[x]<, be the vector space of polynomials of degree less than or equal to n. We define
a representation of s1(2, C) by the actions:

Yo(x) = = p(x)
X0(x) = nx - xzﬁ)p(x)

Hp(x) = (2Xdix - n) p(x)

for any p(x) € C[x]<n. With this action, we have C[X]<, is an irreducible s1(2, C)-module with
highest weight n.

v

Proposition
As explicit s1(2, C)-modules, we have:
Can[X] ® Camly] = Clx. ylam

where C[Xx, y],m denotes the vector space of polynomials with degree in x less than n and
degree in y less than m.
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Fourier and Poisson Transforms

Theorem (Molchanov, 2015)

The Poisson transform My, mp : C[X]n4m-2p = C[X, ¥]nm intertwines these polynomial
spaces as sl(2,C)-modules and satisfies:

m-p B _ m-p-s
Moo (F(X)) = ; (m . p)%(y - x)" (%) f(x)

For some polynomial f(x, y), we set:
Hathf
(a.b) _

oxadyb

Theorem (Molchanov, 2015)

The Fourier transform Fpmp : C[X, ¥]nm — C[X]nim-2p intertwines these polynomial spaces
as sl(2, C)-modules and satisfies:

Fam(f(x.y)) = - 2E DRI NE o A W %)
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Toward a Holographic Transform for the Quantum Clebsch-Gordan Formula

Infinite Dimensional Case

Remark
Infinite dimensional, irreducible representations of SL(2,C) have a similar decomposition:

W(1) e W) = (D WA+ +2p)
peN
In a recent paper (Annales de I'Institut Fourier, 2019), Michael Pevzner and Toshiyuki
Kobayashi introduced holographic transforms for these decompositions.
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Quantum Analogue to sl(2,C)?

Remark

There is no widely agreed upon definition of a quantum group. For our purposes, the term
roughly describes a (non-cocommutative) algebraic structure which is a deformation of
some classical structure associated with a group.

"deformation”

Classical Object ~ Quantum Object
Lie group Lie algebra Enveloping algebra Quantum Group
SL(2.C) ~  §(20) ~ Usi(2,C)) GO g (si(2.T))
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The Enveloping Algebra of si(2, C)

We will now focus on the enveloping algebra of sl(2, C), denoted U(sl(2,C)). We note
U(s1(2,C)) is a cocommutative Hopf algebra.

Proposition (Poincaré-Birkhoff-Witt)
U(sl(2, C)) is isomorphic to the associative algebra generated by the three elements
X, Y, H with the three relations:
X.Y]=H, [HX]=2X, [HY]=-2Y (1)
Moreover, a basis for U(sl(2,C)) is given by the set {X'YIH*}; ke

We can now study the representation theory of three different algebraic structures
simultaneously since:

Homyje Group(SL(2’ C)’ GL(V))
=Homyie agebra(51(2, C), gI(V))
=Hompgenra(U(51(2, C)), End(V))
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g-notation

Fix g € C which is not a root of unity. For any integer n, we define:
qn _ q—n
nl =
i a-q!
Set [0]! = 1. Then, we may set:

— qn—1 + qn—3 R q—n+3 + q—n+1

[k]t = [1][2] - - - [K]
Likewise, we set:

n|l [n]!

hyWWM—W
forO <k <n.

Proposition (g-Binomial Theorem)
If x and y are variables subject to the relation:

yX = q’xy
Then, forn > 0:

n
(X + y)n _ Z qk(n—k) [:] Xn—kyk
k=0
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Toward a Holographic Transform for the Quantum Clebsch-Gordan Formula

The quantum group Ug(sl(2, C))

Definition
Fix g € C, not a root of unity. We define Uy(s1(2, C)) as the associative algebra generated
by the four variables E, F, K, K~ with the relations:
KK'=K'K=1,
KEK' = ?E, KFK'=q?2F
and:
K-K!
q-q'
The algebra U,(s1(2,C)) is generated by g-deformations of the basis relations defining
U(s1(2,C)). This structure is an example of what is called a quantum group.

[E,F] = EF - FE =

Remark

@ Like U(sl(2,C)), the quantum group U,(sl(2, C)) is a Hopf algebra. Unlike U(sl(2,C)),
Uq(s1(2,C)) is not cocommutative.

® An alternate formulation of Uy(s1(2,C)) allows the Hopf algebra U(s1(2, C)) to be
recovered from the quantum group structure by setting g = 1.
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Highest Weight Theory for Uy (sl(2, C))-modules

Definition

Let V(@ be a U,(sl(2,C))-module and A € C. A vector v # 0 in V(9 is of weight A if
Kv = Av. If Kv = Av and Ev = 0, then v is a highest weight vector of weight A.

Proposition

Any non-zero finite dimensional Ug(s1(2, C))-module has a highest weight vector. J
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Toward a Holographic Transform for the Quantum Clebsch-Gordan Formula

Classifying Finite Dimensional Ug(sl(2, C))-modules

Theorem

Let V(@ be a finite dimensional irreducible Uy(s!(2, C))-module. We have:
© V(9 js generated by a highest weight vector v of weight A.
©® The scalar A is of the form A = eq" where ¢ = £1 and n = dim(V) — 1.
© As a U,(s1(2,C))-module, V(@ is unique up to isomorphism.

Conversely, any finite-dimensional U,(s1(2, C))-module generated by a highest weight
vector is irreducible.

Theorem

Any finite dimensional U,(s1(2, C))-module is completely reducible, i.e. the direct sum of
irreducible U,(s1(2, C))-modules.
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Quantum Clebsch-Gordan

Let V{? denote a Uq(s1(2, C))-module with highest weight g".

Theorem (Quantum Clebsch-Gordan)
Let n > m be nonnegative integers. There exists an isomorphism of Uy(s1(2, C))-modules:
VP @ V@) = V1D g ) V9 eV,

n+m n+m-2 ®-

Proof.

It suffices to show there exists a highest weight vector w ) of weight g"+™-2P for
0O<p<m. O
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How to explicitly intertwine the quantum Clebsch-Gordan formula?

Recall, the Poisson Transform takes the form:
m-p m-p-s
m-p\(n—p+s)! o[ d
M f = L (y-x)"%|— f
o (1(X)) §( s ) o V5]

As of now, we are not aware of a quantum analogue to Molchanov’s geometric construction
of this holographic transform.

If one could find a “quantum Poisson transform,” Molchanov’s algebraic method could
presumably be adapted to determine a “quantum Fourier transform.”

One thing the classical and quantum Clebsch-Gordan formulas have in common is their
proofs, which are both dependent on highest weight vectors.
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Toward a Holographic Transform for the Quantum Clebsch-Gordan Formula

Theorem (Classical Clebsch-Gordan)

Let n > m be non-negative integers. Then there exists an isomorphism of
U(sl(2,C))-modules:

VinNe Vim)=zV(n+m)eV(n+ m-2)&---aV(n-m+2)® V(n-m)

Proof.

Assume for 0 < p < m, there exists a highest weight vector w,, of weight n+ m —2p in
V(n) ® V(m). Then, for each p, there exists a nonzero morphism:

¢p: V(n+m-2p) - V(n)® V(m)
which maps the highest weight vector of V(n+ m —2p) to w,. Since V(n+ m—2p)is
irreducible ker(¢,) = 0 and ¢, is injective. Since V(n + m — 2p) are pairwise

non-isomorphic,
D ¢

0<p<m
is injective.
To conclude, we have:

dim[@ V(n—|—m—2p)):
p

0<p<m

(n+m=-2p+1)=(m+1)(n+1) =dm(V(n)® V(m))

m
=0
[m]

v
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Toward a Holographic Transform for the Quantum Clebsch-Gordan Formula

Lemma

Let V(n) and V(m) be U(s1(2,C)) modules. Let v be a highest weight vector of V(n) and v/
be a highest weight vector of V(m). Denote
1 1

Vp = EYPV and v, = EYPV'
forp > 0. Then:
P . .
B [(m=-p+i)l(n-i) i
WP—;( 1) (m_p)|n| Vl®vp—i (2)

is a highest weight vector of V(n) ® V(m) of weight n + m - 2p.
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Toward a Holographic Transform for the Quantum Clebsch-Gordan Formula

Algebraic Approach to Constructing Classical CG Holographic Transform

* Consider a map ¢, m, such that, if v is the highest weight vector of V(n + m — 2p):

Pnmp - V> Wy

® Extend the map ¢, mp to the basis ﬁY”v using equivariance.

® Express ¢, mp With an explicit choice of modules (C[X]<n+m-20 — C[X, ¥]nm)-

e Algebraically manipulate the map ¢, to determine polynomial coefficients of the
image of some basis vector (a monomial in x).
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Toward a Holographic Transform for the Quantum Clebsch-Gordan Formula

Definition
Letn>m > p > 0. We define:
Gnmp * C[X]sn+m—2p il C[X, Y]n,m

wp
Xf - a Z IBtXn—typ+€—n+t

t=w4

where:
wy =max(0,n-p-¢) w,=min(n+m-p-2¢n)

_ ml¢!
~ (n+m=-2p)i(m-p)!
(1)
Bi = Z YiXit-i
i=yq (1)
Yi(t) = max(0,t+2p+—n—-m)  yo(t) = min(p, 1)
=1
il(p—1i)!
L (=N (m-p+i)
X”"(1)(n—i—j)!(m—p—k+i+/)!

P =
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Toward a Holographic Transform for the Quantum Clebsch-Gordan Formula

Theorem (ES)

The map ¢nmp intertwines C[X]<nim-2p and C[x, y]nm as explicit
U(s1(2,C))-modules in the Clebsch-Gordan formula.

We know a priori that ¢, m, must be a constant multiple of Molchanov’s Poisson transform.
Theorem (ES)

The Poisson transform My, and the intertwiner ¢,, ., satisfy:

u. — (1)P(n+m—2p)(m-p)lp!
e m!(n - p)!

¢n.m,P (3)
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Adapting Approach to Quantum Case: Explicit Modules

Definition

Let I, be the two-sided ideal in the polynomial algebra C|a, b] generated by
ba — qab
We define the quantum plane as the quotient algebra:
Cqla, b] = Cla, b]/I
which is then subject to the relation:
ba = qab

The quantum plane has automorphisms o, and o, defined by:

oa(a) = qa, oa(b) = b, op(a) = a, op(b) =gb

Moreover, we can define g-analogues to partial derivatives by:
Jg(a™b") dq(amb")

_ m-1pn
73 =[m]a™"'b and b

= [n]a"b"™"
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Adapting Approach to Quantum Case: Explicit Modules

Proposition

Let Cq4[a, b](ny denote the subspace of Cq|a, b] which contains polynomials of terms which
are homogeneous of degree n.

We define a representation of Uy(s1(2,C)) on Cq[a, b](n) by the actions:

0qPp 0gp
Ep = a2& Fp = 29°
p=ag, FP=73gP
Ko = (7203 )(p),  K™'p=0w07' (P)
for any p(a, b) € Cqy[a, b](n). We thus have that Cq4[a, b](n is an irreducible
Uq(s1(2, C))-module with highest weight q".
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Toward a Holographic Transform for the Quantum Clebsch-Gordan Formula

Adapting Approach to Quantum Case: Explicit Modules

We use:
Cq[a, b,c, d](n,m)

to denote the space of polynomials in a, b, ¢, d which are homogeneous of degree nin a, b
and homogeneous of degree m in ¢, d and subject to the relations:

ba = qab and dc = gcd

Proposition
We have that, as explicit Uy((2, C))-modules:
Cqla. b](n) ® Cq[c. d](m) = Cqla. b. c. d](nm)
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Adapting Approach to Quantum Case: Highest Weight Vector

Lemma

Letn > m, let v} be a highest weight vector of weight q" in V,(,Q), and let v{' be a highest
weight vector of weight g™ in V9. Let us define

y
v, = — FPy, and v, = —FPy]
RN TIT P [p]'
forallp > 0. Then, for0O < p < m:
P - in =i
(@) _ 4 \i y—i(m-2p+it+1) [m-p+i'ln-1" ,
w _;( 1)iq A Y% (@)

is a highest weight vector of weight g"+™2° in V' @ V9,
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Toward a Holographic Transform for the Quantum Clebsch-Gordan Formula

Algebraic Construction of Quantum Holographic Transform
Definition
Letn>m > p > 0. We define:

¢£1qr)np : Cq[a, b](n+m—2p) - Cq[a, b,c, d](n,m)

w2
alb = A Z Btan—tbtCm+n—p—€—td—n+p+t’+r

t=wy
where:  wy =max(0,n-p-¢) w,=min(n+m-p-1~£,n)
_ [ [m]!
~ [n+m-2p]![m-p]!
(1)
B = Z liXit-i
t=y1(t)

Ya(t) = max(0,t +2p+£—n—m)  Y(t) = min(p, 1)
[ = qritm-zpic) _ (—1)".
I Mo -1
X;; = g&-mH)) [k] [n=[m—p+1!
’ jfn=i=Qlm-p+i-k+]!
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Toward a Holographic Transform for the Quantum Clebsch-Gordan Formula

Remark

In the classical case, we were able to compare our algebraically constructed holographic
transform to Molchanov’s Poisson transform.

In the quantum case, however, all we have is our algebraically constructed form.
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Toward a Holographic Transform for the Quantum Clebsch-Gordan Formula

Conjectural Form for Quantum Holographic Transform

Conjecture

The map ¢$,f’,),,,p may be rewritten such that, for any:
f(a’ b) € Cq[a’ b](n+m—2p)

we have:
m-p 6‘27 m-p-s
Hholf(a0) = Y Ze(ac - ooy 0 2] oB(r(an)
s=0

where =, , and © are constants dependent on n,m,p, and s.

® This form has the correct range.
® This form is K-equivariant.

® This form is consistent with the known form of the map ¢,(f,3q’p in terms of the powers of
a,b,c,d.
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Toward a Holographic Transform for the Quantum Clebsch-Gordan Formula

Thanks for listening!

@ Poisson and Fourier transforms for tensor products and an overalgebra,
F. Molchanov,
Geometric methods in physics (2015), 195-203

@ Inversion of Rankin-Cohen operators via Holographic Transform,
T. Kobayashi, M. Pevzner
Annales de l'Institut Fourier, Tome 70 (2020) no. 5, pp. 2131-2190
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Bonus Slides

p = m case

When p = m, we have:
(k+v)

[ [m]! &7 i) (e - .

¢E,f7,),,,,,,(a’bk) = [n_ m]l q i(—=mi+1)+(i-n+k+v) (i v)(_1 )1

T v=0

I[?i![n—i]!

X [v + k- I]|[I - V]l[m _ I]'[n k= V]![v]! gltm-vpn-t-m+v v gm-v

If we additionally assume € < n—2m:

S 'b¥) = —[I]![m]! AN —i(=mA4i+1)+(i—n+k+v)(i-v) [ _q\i
¢"’m’m(ab)_[n—m]!;);q (-1)

[K]![n — ]!

X [v—|— k — I]|[I— V]![m_ I]![n— " — V]![V]!a’+m—vbn—l—m+vcvdm—v
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Example of Calculations

When p = m = 2, the first (v = 0) coefficient of '), .. (a'b¥) is given by:

[n'2]! 2 i =i(i=1) =24k (=l-2+i)(i [n—'[k]!
= 2q 2 e e

_ [l]![ZI]:! 2k [N]'[K]! k-ia__ [N — 1]1[K]! ka2 [N —2]U[K]!
- [n—2]!( 2K [n- k]!~ k—1]n—-k]! ~ [k—2]![2]![n—k]!)
_ [n-2-Kk]! o4k [n]! oknt [2][n = 1]'[K]! skezn 10— 2J'[K]!
~ n-2 ( [n—k' [k — 1]![n - k]! [k—2]![n—k]!)
_ 24k [n][n - 1] _okenr_[2]In = 1]1K] ak-en___ |K][k 1]
T o Kin=k=11 T n=k-k-1 "7 [n-Kn-k-1]
= [n_k][,:—_k_ﬂ(cr“k [n][n 1] = """ [2][n ~ 1][K] + g**"[K][k — 1])
_ 1 (q—2+k (qn _ q—n)(qn—1 _ q—n+1)
[n—K][n-k-1] (g-q')?

_ et (¢ -a®)@" -g ") ~q") G (@ -g* ) (g - q‘“‘))
(@-q7)° (@-q7)?
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Bonus Slides

Example of Calculations

_ 1 ((q _ q—1)(q2n—3+k _ qk—s _ qk—1 + q—2n—1+k)
=Kl k1] @ a7
B (q2K — qk-2n+2 _ k=4 | gPk-2n-2)(gk _ g k)
CRERE
(q1 _ q—1)(q5k—2n—1 _ q3k—2n—1 _ q3k—2n+1 + qk—2ﬂ+1)
i (g-q7)3 )
_ 1 (q2n*2+K _ qk72 _ qk + q—2n+k _ q2n—4+k + qk—4 + qk—2 _ q—2n—2+k
[n—k][n—k-1] (@-q)
q3k _ q3k—2n+2 _ q3k—4 + q3k—2n—2 _ qk + qk—2n+2 + qk—4 _ qk—2n—2
) @a')
qok2n _ qRk-2n _ gRk-2nt2 | qk-2nt2 _ gSk-2n-2 4 q3k-2n-2 | Bk-2n _ k-2
+ (q — q—1 )3 )
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Example of Calculations

_ 1 (q2n—2+k — g 4 qantk — Rk g4 _ gran-2+k
[n—k][n—k-1] (@-q)?
QP — qPkRnT2 _ k-4 4 oBk2n-2 _ gk 4 gk-2n+2 4 g4 _ gk-2n-2
- (a-q)?
qok2n — qRk-2n+2 4 gk-2n+2 _ gSk-2n-2 | gik-2n-2 _ gk-2n
+ )
(@-q7)°
_ 1 ( qR2Hk — qen-4+k _ gk | k-4 4 gBk-2n _ qSK—Zn—Z)
[n—K|[n—k-1] (g-q')®
QR — qen-4+k _ gk | gq3k-4 4 gBk-2n _ gBk-2n-2
= (qn—k _ q—n+k)(qn—k—1 — gk )(q — q—1)
B QPR _ qen-4+k _ gk | gq3k-4 4 gBk-2n _ gBk-2n-2
- (21— g7 —q' + g2kt (g—q )
1 qRr2Hk — g4k _ gk | qPk—4 | gBk-2n _ gk-2n-2
= 3 (an—2+k — Bk + gok-2n — gentk-4 4 gBk—4 _ q—2n+5k—2)
3k—2
=q
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p = mcase

By directly computing coefficients in the p = m case we obtained a conjectural form for this
specific example of a symmetry breaking operator.

Lemma

Fix0 < p <m<nandlet:
T.T: V9 L y@gy@

n+m-2p
be two nonzero intertwiners between modules in the quantum Clebsch-Gordan formula.
Then AT’ = T must hold for some 1 € C.

Proposition (ES)
The map:
3 . Cola, bl(nm) — Cqla, b, ¢, d](nm)
f(a,b) = (ac — g™ " 'bd)"a(f(a, b))

intertwines Cq[a, b)(r-my and Cq[a, b, ¢, d](nm) as Uq(s1(2, C))-modules. Thus, (;Ef,q,),,m is a
quantum Poisson transform in the p = m case.
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