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Overview

e Reviewing block theory and related notions
e Fusion systems, saturated fusion systems, block fusion systems

e Our observations

Block Fusion



Throughout:
e ( is a finite group,

e pis a prime dividing the order of G,

k is a field of characteristic p,

kG is the group algebra (k-vector space with G as its basis)
Z(kG) is the center of kG

Definition

e An idempotent of any ring R, is an non-zero element e € R such
that e? = e.

e Two idempotents e, f € R are called orthogonal if ef = 0 = fe.

e An idempotent e € R is called primitive if it cannot be written as
e = e1 + ey with e, es orthogonal idempotents of R.

o A primitive decomposition of 15 is a set I = {e1,e2, -+ ,e,} of
pairwise orthogonal and primitive idempotents with
e1+e+---+e, =1g.
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¢ A block idempotent b of kG is a primitive idempotent of Z(kG).

e The algebra B := kGb is called a block of kG and it is an
indecomposable as k-algebra and similarly (kG, kG)-bimodule.

o Let {b1,b2, -+ ,b,} be a primitive decomposition of 1 in Z(kG).
Denote kGb; := B;. Then, kG = B1 ® Bo & --- @ B, is called the
block decomposition of kG.
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(G-algebra is a k-algebra with a G-action.)

Relative Trace Map

e Let A be a G-algebra over k, a field of characteristic p. For
H<G,let A :={ac A|ha=aforall he H}.
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(G-algebra is a k-algebra with a G-action.)

Relative Trace Map

e Let A be a G-algebra over k, a field of characteristic p. For
H<G,let A :={ac A|ha=aforall he H}.
o Note that if L < H < G, we have A7 C AL,
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(G-algebra is a k-algebra with a G-action.)

Relative Trace Map

e Let A be a G-algebra over k, a field of characteristic p. For
H<G,let A :={ac A|ha=aforall he H}.

o Note that if L < H < G, we have A7 C AL,

e The relative trace map Trf : AL — AH is defined by
a3 helH/L) "a.
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(G-algebra is a k-algebra with a G-action.)

Relative Trace Map

e Let A be a G-algebra over k, a field of characteristic p. For
H<G,let A :={ac A|ha=aforall he H}.

o Note that if L < H < G, we have A7 C AL,

e The relative trace map Trf : AL — AH is defined by
a3 helH/L) "a.

o AH .= Tm(TrH).
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Brauer homomorphism

e Let A be a G-algebra over k, a field of characteristic p. For
H < G, let A%}, be the sum of all relative traces AY with L < H.
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Brauer homomorphism

e Let A be a G-algebra over k, a field of characteristic p. For
H < G, let A%}, be the sum of all relative traces AY with L < H.

o The Brauer quotient is A(H) := A7 /AY,
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Brauer homomorphism

e Let A be a G-algebra over k, a field of characteristic p. For
H < G, let A%}, be the sum of all relative traces AY with L < H.

o The Brauer quotient is A(H) := A7 /AY,

e The Brauer homomorphism is the canonical surjection
Briy : A7 — A(H).

QCisil Karagiizel (UCSC) Block Fusion Systems April 23, 2021 6 / 30



Remark

If A is the group algebra kG, then the Brauer map is just the k-linear
projection Brk“ : (kG)F — kCg(P),

ZaggH Z agg.

geqG gECG(P)
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Definition (Brauer Pair)

e A kG-Brauer pair is a pair (P, e) where P is a p-subgroup of G
and e is a block idempotent of kCg(P).
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Definition (Brauer Pair)

e A kG-Brauer pair is a pair (P, e) where P is a p-subgroup of G
and e is a block idempotent of kCg(P).

o If i is an idempotent of (kG)¥, we say i is associated to (P, e) if
eBrh& (i) = Brk%(i)e = Brk& (i) # 0.
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Definition (Brauer Pair)

e A kG-Brauer pair is a pair (P, e) where P is a p-subgroup of G
and e is a block idempotent of kCg(P).

o If i is an idempotent of (kG)¥, we say i is associated to (P, e) if
eBrh& (i) = Brk%(i)e = Br¥& (i ) # 0.

Let (@, f) and (P, e) be kG-Brauer pairs. We say that (Q, f) is
contained in (P, e) and write (Q f) < (Pye)if @ < P and if any
primitive idempotent 4 of (kG)F which is associated to (P,e) is also
associated to (@, f).
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Let (P, e) be a kG-Brauer pair and let @ < P.

(a) There exists a unique block idempotent f of kC(Q) such that
(@, f) < (Pe).

(b) Inclusion of kG-Brauer pairs is a transitive relation.
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Theorem
Let (P, e) be a kG-Brauer pair and let @ < P.

(a) There exists a unique block idempotent f of kC(Q) such that
(@, f) < (Pe).

(b) Inclusion of kG-Brauer pairs is a transitive relation.

Remark

| N\

The set of kG-Brauer pairs is a G-poset via the map sending an
kG-Brauer pair (P, e) and x € G to the kG-Brauer pair
T(Pye) = (*P,%e).
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Definition (b-Brauer pair)

Let b be a block idempotent of kG. A b-Brauer pair is an kG-Brauer
pair (P, e) such that Bri“(b)e # 0.
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Definition (b-Brauer pair)
Let b be a block idempotent of kG. A b-Brauer pair is an kG-Brauer
pair (P, e) such that Bri“(b)e # 0.

| A\

Remark
Let (@, f) < (P,e) be kG-Brauer pairs. If (P, e) is a b-Brauer pair,
then so are (@, f) and *(P, e) for any = € G.
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Definition (b-Brauer pair)
Let b be a block idempotent of kG. A b-Brauer pair is an kG-Brauer
pair (P, e) such that Bri“(b)e # 0.

| A\

Remark
Let (@, f) < (P,e) be kG-Brauer pairs. If (P, e) is a b-Brauer pair,
then so are (@, f) and *(P, e) for any = € G.

Notation
We denote by BP(kG) the set of kG-Brauer pairs and by BP(kG,b)
the set of b-Brauer pairs.
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Definition
Let b a block idempotent of kG. A subgroup P of GG, minimal with the
property that b € Tr$ ((kG)P) is called a defect group of the block
idempotent b and of the block algebra kGb.

e The defect groups of kGb form a single G-conjugacy class of
p-subgroups of G.
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Theorem I

(a) The maximal elements in BP(kG,b) with respect to < form a
single G-orbit.
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Theorem

(a) The maximal elements in BP(kG,b) with respect to < form a
single G-orbit.
(b) For (P,e) € BP(kG,b) the following are equivalent:
(i) (P,e) is a maximal element in BP(kG, b).
(ii) P is a defect group of kGb.

(iii) P is a maximal among all p-subgroups of G with the property
BI‘p (b) 7é 0.
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Fusion systems

For subgroups @ and R of G,

e Homg(Q, R) denotes the set of all group homomorphisms
¢ : @ — R with the property that there exists g € G with
d(x) = c4(x) for all z € Q.

o We set Autg(Q) := Homg(Q, Q).
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Fusion systems

For subgroups @ and R of G,

e Homg(Q, R) denotes the set of all group homomorphisms
¢ : Q — R with the property that there exists g € G with
d(x) = c4(x) for all z € Q.

o We set Autg(Q) := Homg(Q, Q).

Definition
Fix a finite group G. Let P € Syl,(G). The fusion category of G over
P is the category Fp(G) whose objects are the subgroups of P, and the
morphism sets are, for all subgroups @ and R of P, Homg(Q, R).
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The (abstract) fusion system

Definition
Let P be a finite p-group. A fusion system over P is a category F
whose objects are the subgroups of P, and for any @, R < P, the set
Hom (@, R) has the following properties:

e Homp(Q, R) C Homr(Q, R) C Inj(@, R)

e For each ¢ € Homz(Q, R), the group isomorphism @ — ¢(Q),
u — p(u), and its inverse are morphisms in F.
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The (abstract) fusion system

Definition

Let P be a finite p-group. A fusion system over P is a category F
whose objects are the subgroups of P, and for any @, R < P, the set
Hom (@, R) has the following properties:

e Homp(Q, R) C Homr(Q, R) C Inj(@, R)

e For each ¢ € Homz(Q, R), the group isomorphism @ — ¢(Q),
u — p(u), and its inverse are morphisms in F.

Example

o7 p(G) where P € Syl,(G).
o F(pep)(kGD), fusion system of a block b of kG over a p-group P,
where k is an arbitrary field of prime characteristic p.
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Let F be a fusion system over a finite p-group P.

e A subgroup @ of P is called fully F-centralized if
|Cp(Q)] > |Cp(R)| for any subgroup R of P which is
JF-isomorphic to Q.

e A subgroup @ of P is called fully F-normalized if
INp(Q)| > |Np(R)| for any subgroup R of P which is
F-isomorphic to Q.
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Definition

Let F be a fusion system over a finite p-group P.

e A subgroup @ of P is called fully F-centralized if
|Cp(Q)] > |Cp(R)| for any subgroup R of P which is
JF-isomorphic to Q.

e A subgroup @ of P is called fully F-normalized if
INp(Q)| > |Np(R)| for any subgroup R of P which is
F-isomorphic to Q.

Definition

| A\

Let F be a fusion system over a p-group P and ¢ : Q — R be an
isomorphism in F. We define

Ny, :={y € Np(Q) | 3z € Np(R) s.t. pocy=c,0p:Q — R}.

Note that QCp(Q) < N, < Np(Q).
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Definition

A fusion system F over a p-group P is called saturated if the
following two conditions hold:
(1) Sylow axiom: Autp(P) is a Sylow p-subgroup of Autz(P).
(i1) Extension axiom: For every @ < P, and ¢ € Homz(Q, P) such
that ¢(Q) is fully F-normalized, there exists a morphism
Y € Homz(N,, P) whose restriction to @ equals to ¢.

Cisil Karagiizel (UCSC) Block Fusion Systems April 23, 2021 16 / 30



Definition

A fusion system F over a p-group P is called saturated if the
following two conditions hold:
(1) Sylow axiom: Autp(P) is a Sylow p-subgroup of Autz(P).
(i1) Extension axiom: For every @ < P, and ¢ € Homz(Q, P) such
that ¢(Q) is fully F-normalized, there exists a morphism
Y € Homz(N,, P) whose restriction to @ equals to ¢.

Fp(G) is saturated where P € Syl,(G).
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Why are the saturated fusion systems nice?

Alperin’s Fusion Theorem

Let F be a saturated fusion system over a p-group P. Then,

F = (Autz(Q) | @ = P or Q is F-centric) p.

Definition

A subgroup @ < P is F-centric if Cp(R) = Z(R) for all R which are
JF-isomorphic to Q.
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Notation: Let b be a block of kG and (P, ep) be a maximal b-Brauer
pair. For each @ < P, let eg denote the unique block of kC(Q) such

that (Q,eq) < (P, ep)

Definition

The fusion system of a block kGb over (P, ep) is the category
F(p,ep)(kGb) whose objects are the subgroups of P and which has
morphism sets, for subgroups @@ and R of P,

{¢ € Hom(Q, R) : ¢ = ¢4 for some g € G s.t. 7(Q,eq) < (R,eRr)}.
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Theorem

Let (P,ep) be a mazimal b-Brauer pair and suppose that k is a splitting
field for kCq(P)ep, i.e. for every simple kCq(P)ep-module V' one has
a k-algebra isomorphism Endyc,, (pyep (V) = k. Then, the category
F(Pep)(kGD) is saturated.

Remark

If k is not a splitting field for kCs(P)ep, there are examples in which
the corresponding block fusion system fails to be saturated.
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Let p=2, k =TFy and G = Dyy = (C3 x Cy) x Csy. Let g be the
generator of Cs.
o b:= g+ ¢° is a block idempotent of FoG,
(P,e) := (Cy,b) is a maximal (FoG, b)-Brauer pair,
One has Autp(P) = {1},
AULF o ) w0 (P) E Co.

Then Autp(P) ¢ Syly(Autz, ) w , (P)). Hence Sylow axiom fails
and the block fusion system F(p.)rw,qp) is not saturated.
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Observations: [Boltje, K., Yilmaz]

Throughout: Let L/K be a Galois extension of finite fields of
characteristic p, prime and I' := Gal(L/K).

o I' acts via K-algebra automorphism on LG and also on Z(LG) by
applying v € I to the coefficients of an element in LG.
e I permutes the block idempotents of LG.

e Brauer homomorphism commutes with I'-action.
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(i) If b is a block of LG, then I'b := tr(b) = 2T stabp(v) V(D) 18 2
block of KG.

(1) There is a bijective correspondence between
BI(LG)/T < BI(KG) induced by b~ I'b.

(iii) If b and b are corresponding blocks of KG and LG, then they
have the same defect groups.
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Notation: <p and <, denote the poset structures of BP(KG) and
BP(LG), respectively.

Proposition

For (Q, f), (P,e) € BP(LG) with Q < P, the following are equivalent:
(i) (@, f) <L (P,e) in BP(LG).

(i) (@,Tf) <k (P,Te) in BP(KG).
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Let BP(LG,b) denote the set of (LG, b)-Brauer pairs and similarly
BP(KG,"b) for (KG,'b)-Brauer pairs. Then, we have surjective
G-poset map

BP(LG,b) — BP(KG,"b) given by (Q, f) = (Q," ).
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Lemma

Let BP(LG,b) denote the set of (LG, b)-Brauer pairs and similarly
BP(KG,"b) for (KG,'b)-Brauer pairs. Then, we have surjective
G-poset map

BP(LG,b) — BP(KG,"b) given by (Q, f) = (Q," ).

Lemma

Let (P,e) be mazimal in BP(LG,b) then (P,'e) be maximal in
BP(KG,Tb). There exists an embedding

| A

T : Fpe)(LGb) — F(pre (KG D).

N\
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Idea

(P, e) is a maximal (LG, b)-Brauer pair.
(P,Te) is a maximal (KG,'b)-Brauer pair.

stab r UD)

N.CP
G(Je) ShmF&J

Ng ()

Observation: Ng(P,"e)/Ng(P,e) = stabr(b)/stabr(e) is a cyclic
group.
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Main Theorem

Theorem

Let b be a block of LG, and (P,e) a mazimal (LG,b)-Brauer pair. Let
go € Na(P,%e) be such that (goNg(P,e)) = Ng(P,"e)/Ng(P,e) and set
0= ¢y, € Aut(P). Then,

]-'(P’re)(KGFb) = (F(pe)(LGY), 0).
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Consequences of the Main Theorem

Proposition

Using the same notation as before.
(i) @ < Pis fully F(p.)(LGb)-centralized (normalized) if and only if @
is fully F(prey (K GT'b)-centralized (normalized).
(il) Q < P is F(pe)(LGb)-centric if and only if @ is
Fpre (K GT'b)-centric.
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Theorem

Using the same notation as before, F(pr.) (KGYb) is saturated if and
only if F(pe)(LGb) is saturated and [stabr(b) : stabr(e)] is not divisible
by p.
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Thank You




