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Notation

e G: a finite group

@ p: a prime number

F: an algebraically closed field of characteristic p.

e S: a Sylow p-subgroup of G

Fs(G): the fusion system on S induced by G

FG: the group algebra
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Green Ring

The isomorphism classes of finitely generated F'G-modules form a

commutative semiring with
Vi+[W]=[VeW] and [V]W]=[V&r W]

where V ®@p W has diagonal G-action: g(v ® w) = (gv) ® (gw). The
identity is [F], the class of the trivial F'G-module.
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Green Ring

The isomorphism classes of finitely generated F'G-modules form a

commutative semiring with
Vi+[W]=[VeW] and [V]W]=[V&r W]

where V ®@p W has diagonal G-action: g(v ® w) = (gv) ® (gw). The
identity is [F], the class of the trivial F'G-module. The Grothendieck
ring of this semiring is called the Green ring, denoted Ap(G). It is free
abelian with basis given by the indecomposable F'G-modules, but there

are infinitely many in general.
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Brauer Character Ring

Let I be the subgroup of Ap(G) generated by elements of the form

[M] — [L] — [N] where

is a short exact sequence of F'G-modules.

Rob Carman (W&M GAG Seminar)

~
o

Trivial Source Units

October 14, 2020

4/ 18



Brauer Character Ring

Let I be the subgroup of Ap(G) generated by elements of the form
[M] — [L] — [N] where

0 > L > M N

~
o

is a short exact sequence of F'G-modules. Since tensoring over the field
F' is an exact functor, I is an ideal of Ap(G). The quotient ring

Rp(G) = Ap(G)/I is called the Brauer character ring.
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Brauer Character Ring

Let I be the subgroup of Ap(G) generated by elements of the form
[M] — [L] — [N] where

0 > L > M N

~
o

is a short exact sequence of F'G-modules. Since tensoring over the field
F' is an exact functor, I is an ideal of Ap(G). The quotient ring
Rp(G) = Ap(G)/I is called the Brauer character ring. In Rp(G), we
still have [V] 4+ [W] = [V & W] and [V]|[W] = [V ®p W], but there are
many more relations, and Rr(G) now has a basis given by the

irreducible modules, of which there are finitely many.
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Burnside Ring

The Burnside ring B(G) is the Grothendieck ring of the category of
finite (left) G-sets. For G-sets X and Y:

[X]+[Y]=[XUY] and [X][Y]=[X xY]
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Burnside Ring

The Burnside ring B(G) is the Grothendieck ring of the category of
finite (left) G-sets. For G-sets X and Y:

[X]+[Y]=[XUY] and [X][Y]=[X xY]

B(G) is also free abelian, with basis given by isomorphism classes of

the transitive G-sets:
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Burnside Ring

The Burnside ring B(G) is the Grothendieck ring of the category of
finite (left) G-sets. For G-sets X and Y:

[X]+[Y]=[XUY] and [X][Y]=[X xY]

B(G) is also free abelian, with basis given by isomorphism classes of
the transitive G-sets: [G/H] as H runs over representatives of the

conjugacy classes of subgroups of G.
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Ghost Ring

For any G-set X and any H < G, we can count the number of H-fixed

points of X. In this way, we can define a ring morphism

B(G) = Z,[X] — | XH|.
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Ghost Ring

For any G-set X and any H < G, we can count the number of H-fixed
points of X. In this way, we can define a ring morphism

B(G) = Z,[X] — |XH|. If H, K < G are conjugate, then |X| = | XX]|.
We can therefore define

G

BG) — ([Iz] . X~ (X")r<c.
HLZG

called the ghost map for B(G).
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Ghost Ring

For any G-set X and any H < G, we can count the number of H-fixed
points of X. In this way, we can define a ring morphism

B(G) = Z,[X] — |XH|. If H, K < G are conjugate, then |X| = | XX]|.
We can therefore define

G

BG) — ([Iz] . X~ (X")r<c.
HLZG

called the ghost map for B(G). The ghost map is an injective ring

morphism with finite cokernel.
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Units of the Burnside Ring

In particular, B(G)* < (HHSG{:H})G, hence an elementary abelian

2-group, i.e. an Fa-vector space.
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Units of the Burnside Ring

In particular, B(G)* < (HHSG{:H})G, hence an elementary abelian
2-group, i.e. an Fo-vector space. In general the dimension of B(G)* is
unknown, but since S is a p-group, Serge Bouc’s theory of biset

functors can be used to find a basis of B(S)*.
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Units of the Burnside Ring

In particular, B(G)* < (HHSG{:H})G, hence an elementary abelian
2-group, i.e. an Fo-vector space. In general the dimension of B(G)* is
unknown, but since S is a p-group, Serge Bouc’s theory of biset
functors can be used to find a basis of B(S)*. And we know that the
image of Res§ : B(G) — B(S) is B(Fs(Q)).
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Units of the Burnside Ring

In particular, B(G)* < (HHSG{:H})G, hence an elementary abelian
2-group, i.e. an Fo-vector space. In general the dimension of B(G)* is
unknown, but since S is a p-group, Serge Bouc’s theory of biset
functors can be used to find a basis of B(S)*. And we know that the
image of Res§ : B(G) — B(S) is B(Fs(G)). If a € B(S), then

a € B(Fs(@)) iff |af’| = |a®| for all P,Q < S that are conjugate in G.
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Units of the Burnside Ring

In particular, B(G)* < (HHSG{:H})G, hence an elementary abelian
2-group, i.e. an Fo-vector space. In general the dimension of B(G)* is
unknown, but since S is a p-group, Serge Bouc’s theory of biset
functors can be used to find a basis of B(S)*. And we know that the
image of Res§ : B(G) — B(S) is B(Fs(G)). If a € B(S), then

a € B(Fs(@)) iff |af’| = |a®| for all P,Q < S that are conjugate in G.
Moreover, there exists a ring map t§ : B(Fs(G)) — B(G) such that

Resg ) tg is the identity.
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Trivial Source Ring

A trivial source (aka p-permutation) FG-module M is a direct

summand of a permutation FG-module: there is an FG-module M’

and a G-set X such that M & M' = FX.
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Trivial Source Ring

A trivial source (aka p-permutation) FG-module M is a direct
summand of a permutation FG-module: there is an FG-module M’
and a G-set X such that M & M’ = FX. If M and N are two trivial
source F'G-modules, then M & N, M ®p N, and M° = Homp(M, F)

are also trivial source F'G-modules.
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Trivial Source Ring

A trivial source (aka p-permutation) FG-module M is a direct
summand of a permutation FG-module: there is an FG-module M’
and a G-set X such that M & M’ = FX. If M and N are two trivial
source F'G-modules, then M & N, M ®p N, and M° = Homp(M, F)
are also trivial source F'G-modules. The trivial source ring Tr(G) is
the Grothendieck ring of the isomorphism classes of trivial source

FG-modules. The operations are given by

[M]+[N]=[M & N] and [M][N]=[M ®F N|.
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Trivial Source Ring

Tr(G) is free abelian with basis given by the indecomposable trivial
source modules, of which there are finitely many, though they can be

difficult to determine.
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Trivial Source Ring

Tr(G) is free abelian with basis given by the indecomposable trivial
source modules, of which there are finitely many, though they can be
difficult to determine.

We have the linearization map lg : B(G) = Tr(G), [X] — [FX]. This

is an isomorphism when G is a p-group.
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Torsion Unit Groups

We consider the torsion subgroup of the unit group of each of the last

three rings. B(G)* is a finite group.
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Torsion Unit Groups

We consider the torsion subgroup of the unit group of each of the last
three rings. B(G)* is a finite group. We denote these groups as
Us(Rp(Q)) and Us(Tr(G)) for the other two rings since inverses of

such units must come from their dual modules.
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Torsion Unit Groups

We consider the torsion subgroup of the unit group of each of the last
three rings. B(G)* is a finite group. We denote these groups as
Us(Rp(Q)) and Us(Tr(G)) for the other two rings since inverses of
such units must come from their dual modules.

Theorem: Us(Rp(G)) = {[V] : dimp(V) = 1} = {£1} x Hom(G, F*).
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Torsion Unit Groups

We consider the torsion subgroup of the unit group of each of the last
three rings. B(G)* is a finite group. We denote these groups as
Us(Rp(Q)) and Us(Tr(G)) for the other two rings since inverses of
such units must come from their dual modules.

Theorem: Uy(Rp(G)) = {£[V]: dimp(V) = 1} =2 {£1} x Hom(G, F*).
Goal: Determine U, (Tr(G)) for any group G.

Motivation: Elements of Us(T#(G)) determine p-permutation

auto-equivalences of blocks of F'G.
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Brauer Construction

Let M be a trivial source £F'G-module and P be a p-subgroup of G.

Then the Brauer construction
M(P) =M/ trh(M?)
Q<P

is an F[Ng(P)/P]-module, where trg t M@ — MY m 2 aep/Q AM

is the trace map.
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Brauer Construction

Let M be a trivial source £F'G-module and P be a p-subgroup of G.

Then the Brauer construction
M(P) =M/ trh(M?)
Q<P

is an F[Ng(P)/P]-module, where trg c M@ — MP m— 2 aep/Q AM
is the trace map. We get a ring morphism

Tr(G) = Rp(Ng(P)/P),[M] — [M(P)].
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Brauer Construction

Let M be a trivial source £F'G-module and P be a p-subgroup of G.

Then the Brauer construction

M(P) =M/ trh(M?)
Q<P

is an F[Ng(P)/P]-module, where trg c M@ — MP m— 2 aep/Q AM
is the trace map. We get a ring morphism

Tr(G) = Rp(Ng(P)/P),[M] — [M(P)]. And [M] = [N] in Tr(G) iff
[M(P)] = [N(P)] for all p-subgroups of P (only need to check up to

G-conjugation).
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Determining U, (T#(G))

We have an injective ring map

Tr(G) — ] Re(Na(P)/P)
[PleFs (@)
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Determining U, (T#(G))

We have an injective ring map

Tr(G) — ] Re(Na(P)/P)
[PleFs (@)

Hence an injective group homomorphism

Us(Tr(G) —  []  Us(Re(Na(P)/P)).
[PIeFs(G)
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Determining U, (T#(G))

We have an injective ring map

Tr(G) — ] Re(Na(P)/P)
[PleFs (@)

Hence an injective group homomorphism

Us(Tr(G) —  []  Us(Re(Na(P)/P)).
[PIeFs(G)

But we know the orthogonal units for each Rp(Ng(P)/P):

Us(Tr(G)) — ] {#1} x Hom(Ng(P)/P,F*)
[PleFs(G)
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Determining U, (T#(G))

We have an injective ring map

Tr(G) — ] Re(Na(P)/P)
[PleFs (@)

Hence an injective group homomorphism

Us(Tr(G) —  []  Us(Re(Na(P)/P)).
[PIeFs(G)

But we know the orthogonal units for each Rp(Ng(P)/P):
Us(Tr(G)) — ] {#1} x Hom(Ng(P)/P,F*)
[PleFs(G)
The tuple of signs correspond to a unit of the Burnside ring of the

fusion system.
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Determining U, (T#(G))

So we have an injective group homomorphism

Us(Tr(G)) — B(Fs(@))* x  [] Hom(Ne(P)/P,F).
[Pl€Fs(G)
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Determining U, (T#(G))

So we have an injective group homomorphism

Us(Tr(G)) — B(Fs(@))* x  [] Hom(Ne(P)/P,F).
[Pl€Fs(G)

By using the tg map, we see that this projects onto the first component

B(Fs(G))*,
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Determining U, (T#(G))

So we have an injective group homomorphism

U(Tr(G)) — B(Fs(G)* x  [[ Hom(Na(P)/P,F>).
[PleFs(G)
By using the tg map, we see that this projects onto the first component
B(Fs(G))*, which can be determined by using the biset functor theory
and some group actions determined by the automorphism groups of the

fusion system.
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Determining U, (T#(G))

So we have an injective group homomorphism

Uu(TR(G)) — B(Fs(G)* x  [[ Hom(Na(P)/P,FX).
[PleFs(G)
By using the tg map, we see that this projects onto the first component
B(Fs(G))*, which can be determined by using the biset functor theory
and some group actions determined by the automorphism groups of the
fusion system. So we are left to determine which homs show up here.

They seemed to be “glued” together in some way. (via transporters?)
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Determining U, (T#(G))

When G = S x H, we have Tp(G) = B(S) ® Rp(H) and
Us(Tp(G)) = B(S)* x Hom(H, F*), so we only get the “bottom”

component corresponding to the trivial p-subgroup.
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Determining U, (T#(G))

When G = S x H, we have Tp(G) = B(S) ® Rp(H) and

Us(Tp(G)) = B(S)* x Hom(H, F*), so we only get the “bottom”
component corresponding to the trivial p-subgroup.

For G = C3 x Dg,p = 2 there exists 1 < P < .S such that
Hom(Ng(P)/P), F*) = Cs, but there is no u € Us(Tr(G)) such that

u(P) is nontrivial.
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Determining U, (T#(G))

When G = S x H, we have Tp(G) = B(S) ® Rp(H) and

Us(Tp(G)) = B(S)* x Hom(H, F*), so we only get the “bottom”
component corresponding to the trivial p-subgroup.

For G = C3 x Dg,p = 2 there exists 1 < P < .S such that
Hom(Ng(P)/P), F*) = Cs, but there is no u € Us(Tr(G)) such that
u(P) is nontrivial.

For G = A4, p = 2, we get every hom independently, i.e. the map is an

isomorphism.
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Semidirect Products

Suppose S < G. Then by the Schur-Zassenhaus Theorem,
G =SH = S x H for some p'-group H.
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Semidirect Products

Suppose S < G. Then by the Schur-Zassenhaus Theorem,

G = SH = S x H for some p’-group H. Moreover, for any P < S, we
also have Ng(P) = Ng(P)Cp for a p/-group Cp.
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Semidirect Products

Suppose S < G. Then by the Schur-Zassenhaus Theorem,

G = SH = S x H for some p’-group H. Moreover, for any P < S, we
also have N¢g(P) = Ng(P)Cp for a p’-group Cp. If V is an
FCp-module, then we get an F[PCp]-module V that is V as an

F-vector space, but with PCp-action such that P acts trivially.
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Semidirect Products

Suppose S < G. Then by the Schur-Zassenhaus Theorem,

G = SH = S x H for some p’-group H. Moreover, for any P < S, we
also have N¢g(P) = Ng(P)Cp for a p’-group Cp. If V is an
FCp-module, then we get an F[PCp]-module V that is V as an

F-vector space, but with PCp-action such that P acts trivially. Then
PxVi=Ind%q, (V) = FG ®ppcy V

is an F'G-module.
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Proposition: For any P < S and any irreducible F'Cp-module V',

P %« V is an indecomposable trivial source F'G-module, that does not

depend on a choice of Cp.
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Proposition: For any P < S and any irreducible F'Cp-module V',

P %« V is an indecomposable trivial source F'G-module, that does not
depend on a choice of Cp.

Moreover, every indecomposable trivial source F'G-module is of this
form, and so the classes [P x V] form a basis of Tr(G), as P runs over
G-conjugacy classes of subgroups of S and V' runs over irreducible

FCp-modules.
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Brauer Constructions for G =S x H

Proposition: If P,@Q < S and V is an F'Cp-module, then

(PxV)(Q) = FTg(P,Q) ®@pipcy V,
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Brauer Constructions for G =S x H

Proposition: If P,@Q < S and V is an F'Cp-module, then

(PxV)(Q) = FTg(P,Q) ®@pipcy V,

where T (P, Q) is the transporter

Te(Q P)={9€G:'P<Q},
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Brauer Constructions for G =S x H

Proposition: If P,@Q < S and V is an F'Cp-module, then

(PxV)(Q) = FTg(P,Q) ®@pipcy V,
where T (P, Q) is the transporter
Te(Q . P)={9€ G:'P <Q},

which is an (Ng(Q), Ng(P))-biset (and thus FT5(Q, P) is an
(FNg(Q), FNg(P))-bimodule).
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