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Let G be a group and

H some collection of pzpr subgroups

of G

If G U H then He is a

HEH

tour of G

A corer of size n containing n subgroups

is minimal if no cover of G

contains fewer than in subgroups

1 o G is the size of a minimal cover

supposing
one exists

Cohn 1994

BAD EI If G is cyclic then G has

no cover

No proper subgroup contains a generator



On the other hand if G is not cyclic

then G U Lg
gc G

In particular G is well defined finite

if G is finite nongchi

cc
NATURAL QUESTIONS

Given a finite gorp G wht is o G

fo white integers in c IN does thee exist

a finite gmp G ul da _n

Work toward has been done F many

families of groups although many

cases are still open

This talk will focus on

Exercise prove that no group G is the

union of exactly two proper subgroups



EI whet o G 3

Let G Cz x Cz o.o 1,0 oil

3
operate addition modulo 2

coo dinatewise

subgnpjt.ee Cz x Cz

1,0 oil lit

so tox Loco

Can we characterize gaps w a G 3

Scorza 1926



Suppose o G 3 i.e G A v B v C

fo subgroups A B C

A B

SA SAB SB
SABC

SAC SBC

Suppose x c SBA so x a Bnc not in A

Take a c Sa G gap axe G

If axe B ax _b b c B

a bx c B
so axEB

Similarly ax 4C

So axe A c A

SI SBC 0
similarly SAB 0 Sae 0



A B

SA 0 SB
SABC

If a C Sa al b e SB the ab f AUB

abt Sc

so SA SB E Sc and SASc E SB

Sp Sc E SA

Conversely if ce Sc then fo ay
b e SB

a Cb e Sc SB ESA

c ab E SA SB
Sc SASB

Similarly SB Sosa Sasa
SBSA



SA SBSc Sc SB

Since SA SB Sc

SAZ E Sa SB Sc

SASB Sc E Sc etc

so 5 2 5,32 So SASBsc

SABC

Fo ay a SA

a SABC SABC n 9 SA

b SABC SABC b SB

C SABC SABC c Sc

Sf SABC I G

4 SA SB Sc SABC are the four

distinct corsets of SABC in G

SO c
E Czk Cz



On the other herd if we take a

natural homomorphism 01 G GIN
NOG

and TI HI is a cover of GIN

then f HT d HI is

a cover of G

G e Cahill

THI Scorza 1926 o G 3 iff

there is a surjective
homomorphism

G Gx Cz

THT B H Neumann 1954

A group
is the union of finitely many

proper subgroups if it has a finite

noncyclic homomo phic image

THI l Cohn 1994 Fo are prime p and integer

d c IN there exists a finite

gorp G w o G pdt 1



EI o AGL 1 pd pdt l

2 Tomkinson 1997 If G is a solvable

group o G pdt I
exactly while p d

depend on chief
series of

GSI3 4 5 6 7

341 241 541

I V
Czecz 53 Ay DJ

1 1 10

THI Tomkinson 1997 There is no gap G

w a G 7

8 9 10 11
Goi 71 1 23 1 341

r v

THI Detomi Lucchini 2008 There is no gorp G
w 4G 11



12 13 14 15
A little niet 1341
further

Abdullahi Ashraf Shaker
Zoo 7 S6 13

Bryce Fed i Serena 1999 o P 15

E GLC3,2

what's currently known

411 Ga onzi 2013 The integers between 16 af

25 tht are not core ing numbers

are 19 21 22 25

New Results

THI Garonzi Kappe
S 2020 1

Determined all integers between 26 and 12g

that are not covering numbers

57 such integers

cont There a infinitely many integers that are

not covering numbers further



we conjecture

Ken G k fo some gap G

him O
n

n is

TIM GKS 2020T ht q pd be a prime

power and n 22 ut 3 be an integer

Then there exists a grip G smh

G
q I

7 1

o AGL n l q Eq n 22 n 1 3

Q How do you
determine white integers

are core ing numbers

STRATEGY Determine
elementary groups

that is we determine the groups

G sure tht G a oC

fo ez
nontrivial normal subgroup N



THI GKS 2020T let Er be a nonabelin

elementary gap
w o G E 129

Then G is primitive and monolithic
G has a unique

minimal

w degee of primitivity E 129 no one
subgroup

the smallest degree
of primitivity is

a OLG

G is ri e of degee
n if G

is transitive or R IRI n

D G p se res ro nontrivial

partition
of SL

So all that remains is calculating

o least bounding a G

fo all such primitive
monolithic

groups
w dyee of

primitivity E 129

While there are a few ove laps

GAP 1241 such groups



Techniques a linear programming

gut if 1Gt C 500000

Greedy algorithm that has

a fast verification
method

bonds 0cg

EI Using this algorithm

Ai w Sz 6380772


