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Previous lecture:

Peter–Weyl theorem (1927) as a synthesis of representation theory and spectral theory

Connection between Fourier analysis and group theory

Impetus for development of Haar measure (Ñ 1933)

Weyl’s hints at the representation theory of R:

Every unitary rep. of R reads t fiÑ e
itA

, A unbounded self-adjoint operator in Hilbert space,

Connection with the theory of almost periodic functions of H. Bohr
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Today’s subject:

Abelian locally compact groups and harmonic analysis

2 / 13

Mostly between 1933 and 1936



Landmarks for abelian locally compact groups...

Pontryagin 1934: The theory of topological commutative groups

Van Kampen 1935: Locally bicompact abelian groups and their character groups

Weil 1936 (pub. 1940): L’intégration dans les groupes topologiques et ses applications

George Mackey’s explanation:

The next step was not motivated by the extension of harmonic analysis made possible by the discoveries

of Peter–Weyl, Haar, etc., but by the needs of algebraic topology.

A strange coincidence...

Pontryagin 1933: Les fonctions presque périodiques et l’analysis situs

Van Kampen 1936: Almost periodic functions and compact groups

Weil 1935: Sur les fonctions presque périodiques de von Neumann
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Analysis behind the curtain...
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Almost periodic functions on R

Chevalley and Weil (in an obituary of Weyl):

One can even say of this theory,

which gave rise to so much excitement for about ten years

after Bohr’s first publications in 1924,

that its principal merit is to have eased the transition

from the old to the modern point of view about representations...

Harald Bohr (1887–1951)

and his older brother
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Almost periodic functions on R

A function f : R Ñ C is almost periodic if it is a uniform limit of trigonometric polynomials.

Want to write f as “Bohr–Fourier series”

f ptq “
ÿ

nPN
c↵npf qe i↵nt

where the p↵nqnPN are real numbers, not necessarily multiples of a ground frequency.

Bohr’s Mean value theorem:
1

T

ª T

0
f has a limit as T Ñ 8.

Bohr’s Fourier coefficients: For � P R, set

c�pf q “ M
“
f pxqe i�x

‰
.

Then � fiÑ cp�q has countable support.
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Almost periodic functions on R

Bohr 1924–1926:

If f , g have the same Bohr–Fourier series, then f “ g .

Plancherel formula:

}f }2 “
ÿ

n

|↵n|
2.

f if almost periodic if and only if

@" ° 0, D` ° 0 such that any interval of length ` contains an "-quasiperiod of f ,

i.e. a number ⌧ such that }f p˝ ` ⌧q ´ f }8 † ".

1926–1927: alternate proofs of Bohr’s results...

Weyl, Wiener, Bochner, de la Vallée Poussin, Besicovitch...
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Bochner and von Neumann’s take on almost periodic functions:

Bochner 1927

Salomon Bochner (1899–1982)

f P CbpRq is almost periodic

õ
tf p˝ ` ⌧q, ⌧ P Ru is relatively compact in CbpRq.

Von Neumann 1934

John von Neumann (1903–1957)

This gives a notion of a.p. function on any group G :

f is right a.p. ñ tf p˝ gq, g P Ru is relatively compact in CbpG q.

Peter–Weyl methods give analogues of Bohr’s best theorems

4 / 13
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A Paley–Wiener theorem (1932)

Norbert Wiener (1894–1964) Raymond Paley (1906–1933)

Wiener 1932
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A Paley–Wiener theorem (1932)

Wiener 1932

Paley–Wiener 1932, ICM report

The above theorem extends to Bohr–Fourier series of almost periodic functions on R
G : abelian group, assume its character group has an invariant measure

Use Bochner and von Neumann’s definition of almost periodic functions on groups
Ñ analogue of Wiener’s theorem
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Back to the main road...
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Enter Pontryagin

Lev Pontryagin (1908–1988)
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Enter Pontryagin

An important motivation: Alexander duality in topology

Suppose K Ä Rn
compact subset.

Want to study relationship between Hi pK q and Hn´i pRn –K q.
Way to go: prove one is the character group of the other.

No analysis? 1933 CRAS notes:

Stepanoff–Tychonoff: if f is almost-periodic, then

Consider closure Rpf q Ä CbpG q of the translates of f
Can equip Rpf q with group structure Ñ compact abelian group with R dense subgroup.

Pontryagin: let ↵1, . . . ,↵n be the frequencies of f , then

Rpf q » ±
i R{p↵iZq

This is the dual group of
À

i Z↵i .
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What’s in Pontryagin’s paper?
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Digression: why locally compact groups?

Haar 1933: existence of an invariant measure for second countable locally compact groups

Used by von Neumann (1933): solution of Hilbert’s fifth problem for compact groups

Extension to all locally compact groups in Weil’s book (see below)
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We’ll show the existence of an invariant measure if G is a topological manifold 

In fact we shall only need to assume G is metric, separable, locally compact…

What Haar says:

1

2

:
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We’ll show the existence of an invariant measure if G is a topological manifold 

In fact we shall only need to assume G is metric, separable, locally compact…

What Haar says:

If G is a topological manifold (and multiplication is continuous),
then is G a Lie group?

Hilbert’s 5th problem:

1

2

:



Digression: why locally compact groups?

Haar 1933: existence of an invariant measure for second countable locally compact groups

Used by von Neumann (1933): solution of Hilbert’s fifth problem for compact groups

Extension to all locally compact groups in Weil’s book (see below)

8 / 13



Digression: why locally compact groups?

Haar 1933: existence of an invariant measure for second countable locally compact groups

Used by von Neumann (1933): solution of Hilbert’s fifth problem for compact groups

Extension to all locally compact groups in Weil’s book (see below)

8 / 13



Van Kampen’s work

Egbert van Kampen (1908–1941)

Von Neumann remarked that the whole theory can be extended without any

additional effort to bicompact and (unrestricted) discrete groups.

A modification of Pontryagin’s result could be extended [...],

according to von Neumann’s remark mentioned above,

to all locally compact Abelian groups.
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Van Kampen’s work

(For a modern version see Bourbaki, Théories spectrales, Chap. 2)
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Application to almost periodic functions

Bohr compactification

Take G : any locally compact abelian group

Set pGd “ character group of G , equipped with discrete topology

Set rG “ Pontryagin dual of pGd

Ñ this is a compact abelian group, and G embeds canonically into rG .

Going out with a blaze

Restriction to G of continuous functions on rG = almost periodic functions on G

Peter–Weyl theory for C p rG q Ñ all known results on almost periodic functions!
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Positive-definite functions

Notion of positive-definite function

O. Toeplitz (1911) defines sequence punqnPZ of complex numbers to be positive-definite when

Hermitian matrix pci´jq1§i,j§n is non-negative for all n.

Studied intensively in the 1910s:

F. Riesz, C. Carathéodory, G. Herglotz, E. Fischer, I. Schur, G. Frobenius...

M. Mathias (1923) defines f : R Ñ C to be positive-definite when

Hermitian matrix pf pxi ´ xjqq1§i,j§n is non-negative for all n and all x1, . . . , xn P R.

Bochner (1932) makes them a central tool in harmonic analysis and probability

11 / 13
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Positive-definite functions

Bochner’s theorem

t Positive-definite functions on R u

t Positive measures on R of finite total mass u

Riesz 1933 (also Bochner, independently):

If ⇡ : R Ñ EndpHq unitary rep., then

cf ptq :“ t fiÑ xf ,⇡ptqf y is positive-definite for all f P H

Leads to a simple proof of Stone’s theorem
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André Weil’s synthesis

André Weil (1906–1994)

1936 book (published in 1940)

Contains simplified expositions of

Haar measure

Peter–Weyl theorem

Duality for locally compact abelian groups

Emphasis on integration and harmonic analysis

Systematic use of convolution product
General discussion of positive-definite functions

12 / 13

Including more generality than Haar…
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André Weil’s synthesis

New results in Weil’s book

Introduces Fourier transform in abelian case

Proves Plancherel formula and Bochner theorem
Detailed discussion of almost periodic functions

“Imperfections” of the book

Proofs still rely on classification results for structure of locally compact abelian groups

Ñ Cartan–Godement (1947) give definitive proofs using C
˚
-algebras

Very influential book... in the West!
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This used the methods introduced by Gelfand’s school in the early 1940s…
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Next lecture:

The birth of C
˚
-algebras

& Gelfand’s school in the 1940s
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