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1. Critical values of Riemann zeta function

Riemann zeta function:

111
() =1+ sttt

Properties:
@ Absolutely converges when Re(s) > 1.
@ Meromorphic continuation to C.

@ Euler factorization:
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@ Gamma function:

Analogue of :

1
Mp(s) = =

@ Completed Riemann zeta function:

e Functional equation:

A(s) = A1 —s).
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Euler:
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¢(2) = 1+22+3 +42+“ =%

1 1 1 mt

4H)=1 = —

¢4 +24+3 +44+ 90’

and in general,
2 4 6
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Functional equation:

¢(=1),¢(=3),¢(-5),--- € Q.
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Definition: Critical places of ¢(s)

Integers at which neither I'g(s) nor M'g(1 — s) has a pole.

They are
27 47 67 87 e

and
-1,-3,-5,-7,---
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Question:

Higher degree L-functions?
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Rationality of other L-functions

e GL(2): Mannin,Shimura, Harder, Hida, ...
@ Motivic L-function: Conjectured by Deligne
@ Rankin-Selberg L-function: Conjectured by Blasius

@ Work of many authors: Schmidt, Kazhdan-Mazur-Schmidt,
Kasten-Schmidt, Mahnkopf, Raghuram, Raghuram-Shahidi,
Grobner-Harris, Harris-Lin, Grobner-Raghuram,

Harder-Raghuram, Januszewski, Grobner-Lin - - -
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Main tool: Modular symbols
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2. Modular symbols

@ G/q: connected reductive algebraic group

@ H C G: connected algebraic subgroup

e x : [H] := H(Q)\H(A) — C*: automorphic character

e N C A([G]) : irreducible automorphic representation

o A:=Ag(R)°NH(R), where Ag is the maximal central split

torus
@ Suppose A acts on I via the character x |4
Period integral:
Z:NexeMMH)—-C, ¢1®dx— o(x)x(x) dx,
A\[H]

where
M(H) := {right invariant measure on A\H(A)}



Factorization (in some cases)

Z = L-function - ® Z

where
0 # Z, € Homy(g,)(My ® xv @ M,,C).
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Example: Rankin-Selberg L-function

H=GL(n—1) C G = GL(n)xGL(n—1), g~ ([ &0 ] ,g>

Example: Standard L-function

H=GL(n)xGL(n) € G = GL(2n),  (g1,&) — [ & 0 ] .
0 &
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@ G(C) ~ F: irreducible algebraic representation
o X; := A\[G]/KS,, where K, C G(R) is a maximal compact
subgroup

@ Betti cohomology

Hg (XG, Fv) = ||_® Hy (X6 /Ks, Fv)
Ky

DeRham cohomology— Betti cohomology

HE (A\G(R)®, M ® FY) = Hg(Xg, FY).
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@ H(C) m xalg: algebraic character

o 7 € Homyycy(F¥ ® xs, C)

@ Suppose Cy, := Koo NH(R) is a maximal compact subgroup.
@ Oy := C - invariant orientation on H(R)/ACS,.

Modular symbol

Hi (A\G(R), M@ FY) ® HE(AVH(R), X © Xgg) © MF(H)
H (X6, FY) ® H* (X, X5) © ME(H)

HY (X, C) ® MF(H)

C,

=5y

where
MA(H) := Oy @ M(H(Af)).
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P is rational = arithmetic of L-function
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o G(R) » My: irreducible Casselman-Wallach representation
@ H(R) ™~ xoo: character

e 0 7£ Zgo S HOmH(R)(rIoo @ Xoo @ M(A\H(R))v (C)

Modular symbol at infinity

Poo t Hy(A\G(R)*, Moo @ FY) @ HE(AVH(R)®, Xoo © Xgpg) © Ony
= HG(AH(R)?, M(A\H(R))") ® On

— C
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Factorization (in some cases)

P = special values of L-function - Py ® ® Pp,
P

where

0# P, < HomH(Qp)(ﬂp X Xp &® M(H(Qp))a C).

Goal

understand P, in the cases of interest.

Poo # 07
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3. Rankin-Selberg L-functions

e K : local field

@ g : K — C* : non-trivial unitary character.

Local zeta function:

P, K-R
Mk(s) =14 2(27)~°I(s), K=C;

1771175, K is non-archimedean.
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Irreducible “representation”:
GL,(K) ~ Mg, GL4,(K) ~ Xk.
Assume they are generic:
0 # An € Homy, k) (Mx, ¥k,n), 0# As € HomNm(K)(ZK,w?m).

Here

Yr n: Np(K) — CX,

[xij] = Yr(xi2+x23+ - Xo-1,)
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Rankin-Selberg zeta integral (n > m):
2(uv.dgis) = | (g0 An)-{gv. Ar) ldet(g) 7 d,
Nm(K)\GLn(K)
where u € Nk, v € Xk.
@ Absolutely converges for Re(s) > 0.

@ Meromorphic continuation to C.
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Definition and theorem (P.S.-Jacquet-Shalika)

There exists a unique meromorphic function L(s, Nk x Xk) such

that
@ it is a finite product of translations of I'k(s);
@ the normalized zeta integral map
ZOZHKXZKXM”LKX(C — C,

Z(u,v,dg;s)

(u,v,dgis) = ofexen

is entire and nonzero on the last variable.

® M,k = {invariant measure on GL,(K)}
@ Generalize to all irreducible representations

@ Generalize to the case when n = m.
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@ k : number field;
o Ak =A ®Q k.

Irreducible cuspidal automorphic representations:

GLn(Ax) ~ M= ®n C A% (GLA(k)\GLn(Ay)).

GLm(AK) ~ X = ® Yy C AZp(GLm(k)\GLm(Ax)).

Automorphic L-functions:

L(s,M x ¥) HLsn x¥,)

@ Absolutely convergence and meromorphic continuation

@ Functional equation
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4. Algebraic representations

e K: archimedean local field, with algebraic closure K.

@ 1,7: K — C are the isomorphisms.

The Weil group:

Local Langlands correspondence

Irr(GL,(K))

%5 {completely reducible n-dim. rep. of Wi}/ ~ .
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Determined by:
@ when n =1 it is the inflation through
Wi = K*;
@ when n=2 and F =R,
Wk a-b.

rel. disc. ser. of inf. char. (a,b) +— IndKX 277,

@ parabolic induction (taking the Langlands subquotient) is

compatible with direct sum.
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Completely reducible n-dim. rep.:
WK N O.

Write

Olgx = Attt g 2t gy g,

Definition (Clozel)

The representation o is
@ algebraic if all a;’s and all b;’s are integers;

@ regular if a;’s are pairwise distinct, and so are b;'s;
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Definition (Clozel)

An irreducible Casselman-Wallach representation Nk of GL,(K) is

said to be algebraic or regula if so is

1-n
rK(I'IK ® |det|K2 )

e GL,(Ag) ~ M: irreducible automorphic

Definition (Clozel)

The representation [1 is algebraic or regular if so is I, for every

v | 0.
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Suppose GL,(Ag) ~ M and GL,(Ax) ~ X are algebraic.

Definition: Critical places of L(s, 1)

A number in Z + 5™ at which neither L(s, M, x X,) nor

L(1 — s, MY x £V) has a pole, for every v | co.
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Problem (Blasius):

Arithmetic property of L(sp, [1 x ¥) where sy is a critical palace.
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5. Archimedean modular symbols

© = 1(u1>p2>-+>pp) €Z" pure weight

M1+ fnp = p2 + fp—1 = -+ = lbn + H1.

e GL,(C) ~ F,: irreducible algebraic representation of highest
weight u
e GL,(R) ~ m,: irreducible Casselman-Wallach representation

that is generic, essential unitarizable, and cohomological

H} (GLy(R)°, 7, ® Fj) £ 0.
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o Infinitesimal character of F:

n—1 n-3 1—n)
2 7 27 T2

fo= (i1 > fio> "> fin) = p+(
@ If nis even, then

T, = In dGL"(R) ' Dy jin®Djiy in_,® - - ®Dy;

g,ﬂ%z
@ If nis odd, then
NI d (R) D D D“‘ " ®()/]n42»1 } €
Tr'u’_ 1 Pao... 21 Mlv'u’"@ fi2,fin— 1® ® n2 ;1,14573 sgn-.
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@ Clozel: These are the real components of regular algebraic

cuspidal automorphic representations.
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e g : R/Z — C*: unitary character

e 0# M\, € HomNn(R)(ﬂu,¢R,n)
e 0#v, c HomN"(c)(F,Y,C)
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ov=(1>1n> - >v,1) € Z" L pure weight
GL,-1(C) ~ F,

GLp-1(R) ~ m,

0 # A, € Homy, ,(r)(m0, YR n—1)

0 # v, € Homy, ,(c)(F)/,C)
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Suppose: (u,v) is balanced, namely for some j € Z
HOIHGL,,,I((C)(F;Y ® F,Y,detj) #0.

Then
1
{critical place} = {5 +J}
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Rankin-Selberg integral:

Z= 2t S 0 v © Moo — |det|
ST Wi,y ST Koo 18 oo

® Xoo : R* — C*: finite order character

e M, := {invariant measure on GL,_1(R)}
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° € HomGL,,,l(C)(F,Y ® F,Y,detj)

Modular symbol at infinity

,Pﬂal’vXooJ : HZ ® H;i ® H;m®sgnj ® OGL,,,1
Z;@n;
T, H:(GLao1(R)°, ME) @ Ocr,
— C.
Here
HY = H}(GLa(R)%, 7, ® F))
H i = Hit(GLa-1(R)°, xoo @ sgnd)

= H%(GLn—1(R)°, (Yoo ® |det}) @ det ™)
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Nonvanishing hypothesis (Kazhdan-Mazur, Sun)

P sinn == 0L

Problem

How does P, 1 y...j vary when j varies

Similar problem

How does ((2k) vary when k varies
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6. Archimedean period relations

e Specify 4 — 0, =(0,0,---,0) € Z", we have

GLn(R) ~ mo,, 0 # o, € Homy,(r)(70,, ¥r,n)

H}, is independent of u
Assume agreement of the central character. There is a unique

element 3, € Homgy,,(r)(70,, 7 ® Fl) such that the diagram

n

commutes. Moreover, j,, induces a linear isomorphism

Ju - H:t(GLn(R)O? mo,) — Hzt(GLn(R)O? T & F;Y)
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Normalization of 1),

There is a unique element

nj € Homgr,, ,(c)(F ® F,/,det/)

such that

ni((zt vy @ (20 w) = 1.

S1v)® (2, Y - v)) is a highest weight vector with respect

to a Borel subgroup that is transversal to
GLn_l((C) C GLn_l((C) X GL,-,((C)

° (z
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° vl\f IS (FIY)N"((C), (Vus le) =1.

o z, € GLy(Z) defined by z; = [1] and for k > 2,

-1
Wik—1 0] [Zk_g 0 ] [tzk—lwk—lzk—l fer_1

0 1 0 1 0 1
where _ -
0 1
Wi 1= 0 10 € GL(Z)
I 1 0 0 |

ex_1:=[0,---,0,1] € Z**(k=1)
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Archimedean period relation, Li-Liu-Sun [Preprint 2021]

QP ;
* * * HyVs) sV X 00 5]
j —_—
Hy@H) ®ono®sgnf ® Ogr,, c
]M®3u®1d®id1\ T
0n,0 _I,Xoo®sgnj,0
* * * n \
Hon ® H0n71 ®ono®sgnf ® (/)GL,H1 (C )
. jn(n—1) ,
Q= (eps 1Y 7 v Epw,
n—1 n—1
o n A (n—i)pi L n N\ (n—i)y;
=1 ((=1)" ey - 1) o= [J D) e ),
i=1 i=1
euwi= I (DM e = 1
k<i, k+i<n
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Similar for GL,(C) x GL,_1(C)
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7. Period relations for Rankin-Selberg L-functions

o GL,(Ax) ~ M, GL,—1(Ag) ~ X: irreducible cuspidal

automorphic, regular algebraic. Balanced coefficient systems.
o : x :k*\A — C*: finite order character

° %—Fj: critical place

Theorem (Li-Liu-Sun, preprint, 2021)

L(3 +j,Nx ¥ x x)

1) € @(n7 Z7 X)
Q,u,u,j ) g(XZ) : g(X) : nggﬁoo(n) : ngg%o(z)

n(n—
2
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e For every o € Aut(C),

L( +,Mx X xx)
(n 1)
Q,u,Z/,J g(XZ) g(X) -Q (J) (n)
L(%+j,0r| X 7Y X %)
Qi G0) -G 5 Qg ()R, (°T)

(%)

XOOEOO

@ Generalize to more general ¥.
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e When n = 2, this is proved by [Manin,Russian Math. Surveys
1976], [Shimura, CPAM 1976], [Shimura, Duke J. Math.
1978], [Harder, Progress in Mathematics, 1983], [Hida, Duke
Math. J. 1994]

@ Partial or conditional results for general n:
Kazhdan-Mazur-Schmidt, Kasten-Schmidt, Mahnkopf,
Raghuram, Raghuram-Shahidi, Grobner-Harris,
Grobner-Raghuram, Harder-Raghuram, Januszewski,

Grobner-Lin - --
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Proof:

Modular symbol (algebraic topology).

Difficulty:

non-vanishing hypothesis and archimedean period relation.
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PEjOP

H(nazv>(aj)loc C
\ o
. TPf Q7P
H(UH?JZ7UX7./)IOC P C
QG)l‘Lcan QZJ)
—_ oL*
. QU)]-,LCaH ’PJ aﬂé)
H(H7Z)X7./)g10b (C
o
o
o o o H ’Pj
H( na zv Xa./)glob C
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8. Standard L-functions of symplectic type

o GLan(Ax) ~ NM: irreducible cuspidal automorphic, regular
algebraic, symplectic type (L(s, A2 ® 1) has a pole at 1),
balanced coefficient system.

o x : k*\A — C*: finite order character

o 1+ j: critical place.

Theorem (Jiang-Sun-Tian, preprint, 2019)

L(3 +j,M®x)
ijn-[k:@] . g(x)n .Q

@) € Q(M,n,x).

X
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@ Partial or conditional results: [Ash-Ginzburg, Invent. Math.
1994], [Grobner-Raghuram, Amer. J. of Math. 2014,
[Januszewski, preprint 2018] - - -
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Thank youl!
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Glxx) = Gl o) = | )™ by dx,

Ok

(V) = vk - ¢(xx)-
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