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Our setting

r c G =S50(2,2) > H=8S50(21)
discrete

~T~G/H

Assume [ is a discontinuous group for G/H.
Furthermore, for simplicity, suppose I is torsion-free.

v

Spectral properties of the differential operator 0 on '\ G/H

1
O:= g(the Casimir element for the Killing form of g)
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Main result 1

Discontinuous groups for AdS>

r - G=50(2,2) > H=80(2,1)
discrete

~T~G/H

Definition (Toshiyuki Kobayashi)

I: discontinuous group for G/H A G/H: properly discontinuous

discontinuous gp. # discrete subgp. )

I: a discontinuous group for G/H
e NG/H is a C*°-mfd
@ the quot. map. G/H — '\G/H is a covering.
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Anti-de Sitter 3-manifolds

Anti-de Sitter 3-mfd. def Lorentz 3-mfd. of const. sect. curv. = —1 J

Examples
e AdS?:=50(2,2)/90(2,1)
+ the metric of sign (2, 1) induced by §(the Killing form of s0(2,2))
@ M\AdS® (T discont. gp. for AdS?)

A

Fact (Kulkarni-Raymond + Klingler)

M: compact anti-de Sitter 3-mfd
~~ 3 discont. gp. T for AdS3, M = '\ AdS? up to finite covering
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Main result 1

Hyperbolic Laplacian

O := Z(the Casimir element for the Killing form of g)

~~ the Laplacian of the anti-de Sitter manifold M\ AdS3

(M, g): pseudo-Riemannian mfd.

The Laplacian OJ := div o grad ( \/Eﬁx’ ( lglg? 6?<J>>

Riemann Lorentz

=

O | elliptic | hyperbolic
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Multiplicity of discrete spectrum

Discrete spectrum (Kassel-Kobayashi)

(M, g): pseudo-Riemannian mfd.

o L3(M):={f € L>(M) | Of = Af in the weak sense}

e Specy(O) :={X € C | L3(M) # 0}

v

Multiplicity of discrete spectrum

Nu(A) = dime L3(M)

v

Num(A) for compact M

Riemann

Lorentz

Num(X)

< o0

?

\
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Standard anti-de Sitter manifolds

U(1,1)/U(1) x {1} =2 S0(2,2)/S0(2,1) = AdS?

Proposition (Kulkarni, Kobayashi)
Assume I' C U(1,1)(C SO(2,2))
e discrete in U(1,1) & T AdS? is properly discontinuously

@ cocompact in U(1,1) & T ~ AdS? is cocompact

~ Existence of compact anti-de Sitter mfds
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Multiplicity for standard anti-de Sitter manifolds

Am =4m(m—1) (m e N) - .. discrete spectrum of [, ;g3

Theorem (Kassel-Kobayashi)
Assume ' C U(1,1).

dmo(M) €R, Vm > mo(T), Npaqg3(Am) = o0

A

Fact (Kobayashi '98, Klingler '96)

There are cocompact discontinuous groups ' for AdS3
s.t. [ € SO(2,2) are Zariski dense

§
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Main result 1

Main result 1

Main Theorem 1 (K.)

Assume [ is finitely generated.

I~ AdS3 is cocompact = T is finitely generated

M: compact anti-de Sitter mfd

AC(M) € R, Nu(Am) > logs m — C(M)
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Main result 2

Deformation of discontinuous groups

Deform the embedding I < G € Hom(l', G) (compact-open topology)

discontinuous gp. # discrete subgp. )

Fact (Kobayashi '98, Klingler '96)
Assume I ~ AdS3 is cocompact.

o (Stability for proper discontinuity)
I nbd. W of ¢ s.t. Vo € W, o(I) ~ AdS3 is properly discontinuous

o (Failure of local rigidity)
the orbit G - ¢ by conjugation has no interior points.
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Main result 2

Stable eigenvalues of the hyperbolic Laplacian

Ur: the set of nbds. W of t: T — G s.t. Vo € W,
o ¢(I') ~ AdS? is properly discontinuous;
@  is injective.

Assume I ~ AdS3 is cocompact. Then Ur # () (stability).

Theorem (Kassel-Kobayashi, Adv. Math., 2016)

Hmo(r) € R, JW ¢ Ur,

() Speca(Tyqryads?) 2 {Am | m > mo(1)}
peW

Am is a stable eigenvalue of DF\AdS3 under any small deformation of TI.

V.
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Main result 2

Multiplicities of stable eigenvalues

Assume I ~ AdS? is cocompact.

Definition

N A) = A
Nriaasz(A) Sup @”é"j“//\f (M\adss (A)

'/\7F\AdS3(/\) # 0 < ) is a stable eigenvalue.

Main Theorem 2 (K.)

Nr\AdS3(>‘m) > loggm — C'(T)

Main Theorem 1: 3C(I') € R, Np aqs3(Am) > logg m — C(T) J

C(T) is continuous w.r.t. deformation of ' J
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Idea of proof

[-average of non-periodic eigenfunctions

Am =4m(m—1) (m € N)

Generalized Poincaré series (Kassel-Kobayashi)
Assume m > 2.

L} (AdS®)(#£0) — L} (r\Ads?)
Ym = ¢,';7(|'X) = Zyer VYm(7x)

Fact (Kassel-Kobayashi)

Assume T is finitely generated and ¥, is SO(2) x SO(2)-finite.

Imo(F) € R, Ym > mo(T), 1+, € L3, (M\AdS?)

A
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Idea of the proof of Main Theorem 1

Main Theorem 1

Assume T is finitely generated.

EIC(F) € R, Nr\AdS3()‘m) > |0g3 m — C(r)

Find a family of ¢, € L}\m(AdS‘?’) s.t. w,rnJ are linearly independent.

Examine the “behavior” of I-orbits and eigenfuncs at the origin and at oc.
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Idea of proof

Linear independence of generalized Poincaré series

Step 1: take a spherical function ¢, € L%\m(AdS3) (j=0,1,2,...) s.t.

ot 0
[Vmj(x)] = {OE:x)p(—2mt)) EZ : o<)3) w.r.t geodesic parameter t

- it decays more rapidly at infinity than at the origin.

Step 2: prove the main term of the -average /z/;,rm.(rx) is ¥ j(x) for x
close to the origin by examining the “behavior” of -orbits:

Kassel-Kobayashi proved the non-vanishing of ¢, . J
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Idea of proof

Linear independence of generalized Poincaré series
Step 2: (the main term of ¢[w.(rx)) = 1Ym j(x) for x close to the origin.

Step 3: prove the lin. indep. of ¢y, ; (j = 3,3%,...,3) for m > Imr (k).

This comes down to the following elementary lemma:

Va=(a1,...,ak) € {1}, 30, € R, a;jcos(3'0,) >0 (i=1,...,k).

Example: k=5, a=(1,1,1,-1,1)

39 21 /81 | 21/27 | 27/9 | 27/3 | 2
Choose 0, = 27r/35. . CI ™/ L m/ w/ s
sign of cos(3'6,) + 4 4k — +
By calculating mr(k),
Main Theorem 1: 3C(T') € R, Np\aqs3(Am) > logs m — C(T) J
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Idea of the proof of Main Theorem 2

Main Theorem 1 (I: finitely generated)

3C(N) € R, Nraasr(Am) > logg m — C(I')

Main Theorem 2 (multiplicities of stable eigenvalues, I ~ AdS?: cocompact)

Nr\ads:(Am) > logg m — C'(T)

For this, it suffices to show:

C(I) is continuous w.r.t. deformation of I' ]

C(I) is defined by using the “behavior” of [-orbits at the origin and at infinity.
~» This depends continuously on ['!
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