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Theorem (Clebsch-Gordan)

Let n > m be non-negative integers. Then there exists an isomorphism of sl(2, C)-modules:
VineV(m)=zVin+meVin+m-2)®---aV(n-m+2)o V(n-m)

Proof.

It suffices to show for 0 < p < m, there exists a highest weight vector w, of weight
n+m-2pin V(n)® V(m).
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We can naturally search for explicit symmetry breaking operators:
Yp : V(n)® V(m) - V(n+ m-2p)
for0<p<m.

A collection of symmetry breaking operators:
{yp: V(n)®V(m) - V(n+m-2p) | 0<p<m}
is referred to as a

Likewise, we may search for a collection of holographic operators:

{pp: V(n+ m-2p) > V(n)® V(m) | 0<p<mj
which is referred to as a
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Uniqueness of Symmetry Breaking Operators and Holographic Operators

Remark

Since the Clebsch-Gordan formula is , symmetry breaking operators and
holographic operators for the Clebsch-Gordan formula will be unique up to multiplicative
constants.
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Explicit realization of irreducible representations

Proposition

Let C[x]<, be the vector space of polynomials of degree less than or equal to n. We define
a representation of s1(2, C) by the actions:

Yo(x) = 2 p(x)
x0(0) = (x5 ) )
Hp(x) = (2Xdix - n) p(x)

for any p(x) € C[x]<n. With this action, we have C[X]<, is an irreducible s1(2, C)-module with
highest weight n.

v
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Let C[x]<, be the vector space of polynomials of degree less than or equal to n. We define
a representation of s1(2, C) by the actions:

Yo(x) = 2 p(x)
x0(0) = (x5 ) )

Hp(x) = (2Xdix - n) p(x)

for any p(x) € C[x]<n. With this action, we have C[X]<, is an irreducible s1(2, C)-module with
highest weight n.

v

Proposition
As explicit sI(2, C)-modules, we have:
Cen[x] ® Cemly] = CIX, Y]nm

where C[Xx, y],m denotes the vector space of polynomials with degree in x less than n and
degree in y less than m.
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Theorem (Molchanov, 2015)
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Fourier and Poisson Transforms

Theorem (Molchanov, 2015)

The Poisson transform My mp : C[X]n+m-20 — C[X, y]nm intertwines the actions of sI(2, C) on
these polynomial spaces and satisfies:

m-p _ B o

For some polynomial f(x, y), we set:
aa+bf
(a.b) _

T Axadyb

Theorem (Molchanov, 2015)

The Fourier transform Fpmp : C[X, ¥]nm = C[X]nim-2p intertwines the actions of s1(2, C) on
these polynomial spaces and satisfies:

Frmai(x,y)) = " 2B DR E D S o A W %)
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Deformation of the Enveloping Algebra

The ultimate objective of this work is to extend known results on symmetry breaking and
holographic transforms to the context of quantum groups.

More precisely, we will turn our focus to fusion rules of finite-dimensional representations of
a of the universal enveloping algebra U(sl(2, C)).

Recall that the Poincaré-Birkhoff-Witt theorem allows to describe U(sl(2,C)) as the
associative algebra generated by the three elements X, Y, H, subject to the relations:

[X.Y]=H, [H, X] = 2X, [H. Y] =-2Y (1)
and that the set {X'Y/H¥};; xan constitutes a basis for U(sl(2, C)).

The Uqy(s1(2,C)) is obtained by twisting the relations (1) by the
quantum parameter q.
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g-notation

Fix a nonzero g € C which is . For any integer n, we define:
qn _ q—n
nl =
" a-q!
Set [0]! = 1. Then, we may set:

— qn—1 + qn—3 R q—n+3 + q—n+1

(k]! = [1][2] - - - [K]

= wmn=a

Likewise, we set:

forO <k <n.

Proposition (g-Binomial Theorem)
If x and y are variables subject to the relation:

yX = q’xy
Then, forn > 0:

n
(X + y)n _ Z qk(n—k) [Z] Xn—kyk
k=0
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The quantum group Ug(sl(2, C))
Definition
Fix a nonzero q € C, not a root of unity. We define U,(s1(2, C)) as the associative algebra
generated by the four variables E, F, K, K=! with the relations:
KK =K'K =1,
KEK™' = ?E, KFK™' =q2F
and:
K- K
[E.F]=EF-FE= ———
a-q

The algebra U,(s1(2, C)) is generated by g-deformations of the basis relations defining
u(sl(2,C)).
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Definition
Fix a nonzero q € C, not a root of unity. We define U,(s1(2, C)) as the associative algebra
generated by the four variables E, F, K, K=! with the relations:
KK =K'K =1,
KEK™' = ?E, KFK™' =q2F
and:
K- K
[E.F]=EF-FE= ———
a-q

The algebra U,(s1(2, C)) is generated by g-deformations of the basis relations defining
u(sl(2,C)).

Remark

@ Like U(s1(2,C)), the quantum group U,(sl(2, C)) is a Hopf algebra. Unlike U(s1(2, C)),
Uq(s1(2,C)) is not cocommutative.

@ An alternate formulation of Uy(s1(2,C)) allows the Hopf algebra U(s1(2, C)) to be
recovered from the quantum group structure by setting g = 1.
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Definition

Let V(@ be a U,(sl(2,C))-module and A € C. A vector v # 0 in V(9 is of weight A if
Kv = Av. If Kv = Av and Ev = 0, then v is a highest weight vector of weight A.

Proposition

Any non-zero finite dimensional U,(s1(2, C))-module has a highest weight vector. J

12/29



Toward a Holographic Transform for the Quantum Clebsch-Gordan Formula Representation Theory of Ug(sl(2,C))

Classifying Finite Dimensional Ug(sl(2, C))-modules

13/29



Classifying Finite Dimensional Ug(sl(2, C))-modules

Theorem

13/29



Toward a Holographic Transform for the Quantum Clebsch-Gordan Formula Representation Theory of Ug(sl(2,C))

Classifying Finite Dimensional Ug(sl(2, C))-modules

Theorem

Let V(@ be a finite dimensional irreducible Uy(s!(2, C))-module. We have:

13/29



Toward a Holographic Transform for the Quantum Clebsch-Gordan Formula Representation Theory of Ug(sl(2,C))

Classifying Finite Dimensional Ug(sl(2, C))-modules

Theorem

Let V(@ be a finite dimensional irreducible Uy(s!(2, C))-module. We have:
© V(9 js generated by a highest weight vector v of weight A.

13/29



Toward a Holographic Transform for the Quantum Clebsch-Gordan Formula Representation Theory of Ug(sl(2,C))

Classifying Finite Dimensional Ug(sl(2, C))-modules

Theorem

Let V(@ be a finite dimensional irreducible Uy(s!(2, C))-module. We have:
© V(9 js generated by a highest weight vector v of weight A.
® The scalar A is of the form A = q" where ¢ = +1 and n = dim(V) - 1.

13/29



Toward a Holographic Transform for the Quantum Clebsch-Gordan Formula Representation Theory of Ug(sl(2,C))

Classifying Finite Dimensional Ug(sl(2, C))-modules

Theorem

Let V(@ be a finite dimensional irreducible Uy(s!(2, C))-module. We have:
© V(9 js generated by a highest weight vector v of weight A.
® The scalar A is of the form A = q" where ¢ = +1 and n = dim(V) - 1.
@ As a Uy(sl(2,C))-module, V(9 s unique up to isomorphism.

13/29



Classifying Finite Dimensional Ug(sl(2, C))-modules

Theorem

Let V(@ be a finite dimensional irreducible Uy(s!(2, C))-module. We have:
© V(9 js generated by a highest weight vector v of weight A.
® The scalar A is of the form A = q" where ¢ = +1 and n = dim(V) - 1.
@ As a Uy(sl(2,C))-module, V(9 s unique up to isomorphism.

Conversely, any finite-dimensional U,(s1(2, C))-module generated by a highest weight
vector is irreducible.

13/29




Toward a Holographic Transform for the Quantum Clebsch-Gordan Formula Representation Theory of Ug(sl(2,C))

Classifying Finite Dimensional Ug(sl(2, C))-modules

Theorem

Let V(@ be a finite dimensional irreducible Uy(s!(2, C))-module. We have:
© V(9 js generated by a highest weight vector v of weight A.
® The scalar A is of the form A = q" where ¢ = +1 and n = dim(V) - 1.
@ As a Uy(sl(2,C))-module, V(9 s unique up to isomorphism.

Conversely, any finite-dimensional U,(s1(2, C))-module generated by a highest weight
vector is irreducible.

Theorem

Any finite dimensional U,(s1(2, C))-module is completely reducible, i.e. the direct sum of
irreducible U,(s1(2, C))-modules.
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Let V{? denote an irreducible U, (sI(2, C))-module with highest weight g".
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Quantum Clebsch-Gordan

Let V{? denote an irreducible U, (sI(2, C))-module with highest weight g".

Theorem (Quantum Clebsch-Gordan)

Let n > m be nonnegative integers. There exists an isomorphism of Uy(s1(2, C))-modules:

VeV =V eV e-aV9 eV

n-m+

Proof.

It suffices to show there exists a highest weight vector w ) of weight g"+™-2P for
0O<ps<m |
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Recall, the Poisson Transform takes the form:
m-p m-p-s
m-p (n—p+s)! m-s d
M f = AR _ f
o (1(X)) SEO( . ) o V5]

As of now, we are not aware of a quantum analogue to Molchanov’s geometric construction
of this holographic transform.

If one could find a “quantum Poisson transform,” Molchanov’s algebraic method could
presumably be adapted to determine a “quantum Fourier transform.”

One thing the classical and quantum Clebsch-Gordan formulas have in common is their
proofs, which are both dependent on highest weight vectors.
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Remark

In order to develop a method could be applied to the quantum case, we first focused on the
classical case (with Molchanov’s Poisson transform as a convenient reference point).
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1. 1
. — VY v yhyy
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Lemma
Let V(n) and V(m) be . Let v be a highest weight vector of V(n) and v’
be a highest weight vector of V(m). Denote
1. 1
. — VY v yhyy
v,_j!Yv and vh_h!Yv
for0<j<n,0<h<m. Then:
P . .
((m—p+i)l(n-i)
— 1) . !
G e e T L @

is a highest weight vector of V(n) ® V(m) of weight n + m — 2p.
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Algebraic Approach to Constructing Classical CG Holographic Transform

® Consider a map ¢, m, such that, if v is the highest weight vector of V(n+ m - 2p):

Pnmp - V> Wy

* Extend the map ¢, m,p to the basis jl!Yf v using equivariance.

® Express ¢, mp With an explicit choice of modules (C[x]<ntm-2p —= C[X, ¥]nm)-

® Algebraically manipulate the map ¢, m, to determine polynomial coefficients of the
image of some basis vector (a monomial in x).
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Definition

Letn>m > p > 0. We define:

where:

¢n,m,p : C[X]Sn+m—2p - C[X’ y]n,m

wp
X s o Z ﬁtxn—typ+€—n+t

t=wq

wy=max(0,n-p—-¢) wp=min(n+m-p-2¢,n)
ml¢!
~ (n+m-2p)i(m-p)!
(1)
Br = Z YiXit-i
i=y (1)
Yi(t) = max(0,t+2p+—n—-m)  yo(t) = min(p, 1)

(1)
i(p—i)!

[k (=N (m-p+i)
= (j)(n—i—/')!(m—p—k+i+j)!

P =
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Theorem (ES)

The map ¢, mp intertwines the actions of sl(2, C) on C[X]<nt+m-2p @and C[X, ¥]nm. J

We know a priori that ¢, m, must be a constant multiple of Molchanov’s Poisson transform.

Theorem (ES)

The Poisson transform My, ., and the intertwiner ¢, ., satisfy:

(=1)P(n+ m—2p)!(m - p)!p!
m!(n - p)!

Mn,m,p - ¢n,m,p (3)
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Definition

Let I, be the two-sided ideal in the polynomial algebra C[a, b] generated by
ba — qab
We define the as the quotient algebra:
Cqla, b] = Cla, b]/ly
which is then subject to the relation:
ba = qab

The quantum plane has automorphisms o, and o, defined by:

oa(a) = qa, oa(b) = b, op(a) = a, op(b) =gb

Moreover, we can define g-analogues to partial derivatives by:
Jg(a™b") Jq(a™b")

_ m-1pn
% =[m]a™"'b and b

= [n]a"b"™"
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Adapting Approach to Quantum Case: Explicit Realizations

Proposition

Let Cq[a, b](n) denote the subspace of Cg4[a, b] which contains polynomials of terms which
are homogeneous of degree n.

We define a representation of Uy(s1(2, C)) on Cq4[a, b](n) by the actions:

0qPp 0gp
Ep = a2~ Fp = 3%
P=4%° P~ %a
Ko = (7203 )(p),  K™'p=0w07' (P)
for any p(a, b) € Cq4[a, b](n). We thus have that Cy[a, b](n) is an irreducible
Uq(s1(2, C))-module with highest weight q".

b
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Adapting Approach to Quantum Case: Explicit Realizations

We use:
Cq[37 b7 c, d](n,m)

to denote the space of polynomials in a, b, ¢, d which are homogeneous of degree nin a, b
and homogeneous of degree m in ¢, d and subject to the relations:

ba = qab and dc = qcd

Proposition
We have that, as explicit Ug(s1(2, C))-modules:
Cqla. b](n) ® Cqlc. d](m) = Cqla, b, c.d](n.m)
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Adapting Approach to Quantum Case: Highest Weight Vector

Lemma

Let n > m, let v; be a highest weight vector of weight q" in V,(,q), and let v{' be a highest
weight vector of weight ™ in V(q) Let us define

1
’ i ’"o__ hy
v = [’]'Fvo and v, = —[h]IF vy

for0<j<n0<h<m.
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Adapting Approach to Quantum Case: Highest Weight Vector

Lemma

Let n > m, let v; be a highest weight vector of weight q" in V,(,q), and let v{' be a highest
weight vector of weight ™ in V(q) Let us define

’ 17 1 h
V]- I.J]'F/VO and Vh = WF V
for0<j<n,0<h<m. Then, for0<p<m:
P - in—m
(@) _ i —i(m—2p+i+1)[m p+in-i'
Wp" = -1)'q —_——V/ V], (4)
=2 m—plan Y

is a highest weight vector of weight g"+*™2° in V{9 @ V%
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Algebraic Construction of Quantum Holographic Transform
Definition
Letn>m > p > 0. We define:

¢5,7,pr : Cqla, b](n+m-20) = Cqla, b, ¢, d](nm

wp
a‘bk - A Z B:a™ bl cmtn-p- it gmntpt it

t=w1
where:  w; = max(0,n-p-¢) w; =min(n+m-p-4¢,n)
_ [ [m]!
~ [n+m-2p]i[m—p]!
(1)
Z FXiri
t=y(t

Ui(t) = max(o, t+2p+¢—-n-m)  Yo(t) = min(p,t)
r =q —i(m-2p+i+1) __\" ") (_1)i

[1'p — !
sicniiki [ K [n=[m-p+i]
X =d DMAL]M—FJMm—p+J—k+m
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Remark

In the classical case, we were able to compare our algebraically constructed holographic
transform to Molchanov’s Poisson transform.

In the quantum case, however, all we have is our algebraically constructed form.
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Conjectural Form for Quantum Holographic Transform

Conjecture

The map ¢$,f’,l,,p may be rewritten such that, for any:
f(a’ b) € Cq[aa b](n+m—2p)

we have:
m-p P \PS
#a0) = 3, =6*(ae - o)™ (5o | 3(ab)
s=0

where =, , and © are constants dependent on n,m,p, and s.

® This form has the correct range.
® This form is K-equivariant.

® This form is consistent with the known form of the map ¢,(f,)n’p in terms of the powers of
a,b,c,d.
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Future Directions

® Continue with our algebraic methods to fill in the gaps of our conjectural form.

® Using our algebraically constructed intertwiner as a reference point, g-deform
Molchanov’s geometric construction of a CG holographic transform.

® Extend results about representations of Uq(s1(2, C)) to the infinite dimensional case.

® Explore connections to orthogonal polynomials in the quantum case.
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p = mcase

When p = m, we have:
[Am)t "

_ q—i(—m+i+1)+(i—n+k+v)(i—v)(_1 )i
[n—m]t &

8%, n(a'b")

[k]![n — ]!
k=i - V] m - n—k —v]iv]

[+m—vbn—€—m+vcvdm—v
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p = mcase

When p = m, we have:
[ K7
[n—m]! =

¢£7?r31,m(albk) — ‘ q —i(=m+i+1)+(i-n+k+v)(i-v) ( 1)1
[k]'[”—’]'
[v+ k—il'li = v]![m = i]'[n = k = v]![v]!

[+m—vbn—€—m+vcvdm—v

If we additionally assume ¢ < n—2m:
&gq%m(albk) _ (' [m]! Z’":Zm: g I ()
i [n—m]! &4
v=0 i=v
[K]'[n — 1!
k=i -V m=1'[n -k — V]IV

I+m—vbn—l—m+vcvdm—v
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Example of Calculations

When p = m = 2, the first (v = 0) coefficient of '), .. (a'b¥) is given by:

'[2]! : i mi(im1) =24k (—l=2-Hi) (i [n—i]![k]!
[n—z]!z(_”q( e )()[2—i]![k—i]![l]![n—k]!

i=0
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Example of Calculations

When p = m = 2, the first (v = 0) coefficient of '), .. (a'b¥) is given by:

'[2]! : :-::1 2k (—l—24i)(i [n—i]![k]!
[n—2]'z AP TP

(N'2]" [ aew [n][K]! k-3 [N = 1]'K]! ka2 [N —2JN[K]!
:[n—2]!(q Ik -k~ 9 Tk=1n—kp " ¢ [k—2]![2]![n—k]!)
_ [n-2-Kk]! o4k [n]! oknt [2][n = 1]'[K]! skezn 10— 2J'[K]!
~ n-2 ( [n—k' [k — 1]![n - k]! [k—2]![n—k]!)
_ y2+k [n][n - 1] _ 2k-n-1 [2][n - 1][K] ak-en___ |K][k 1]
T o Kin=k=11 T n=k-k-1 "7 [n-Kn-k-1]
= = (@l = 1= 2l 1106 + 6 K]k~ 1)
_ 1 (g2 (@ -g")(Q " -qg"")

[n—k]ln-k-1] (@-q)?

skt (P =q2)(@ -q"") (g -q™) L gk (@ -—q*)(q“" - Q‘“‘))

~9 (g-q')® (g-q')?
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Example of Calculations

_ 1 (q—q ") (qF"3+k — gk=3 — g1 4 g 2n-1+k)
RRE ) (@-q7°
B (P — qPK-2n+2 _ k=4 | gpk-2n-2) (g _ gk)
(@-qg)?
. (q' — q')(qPk-2n" — qk-2n-1 _ gek-2n+t qk—2n+1))
(@-q7)°

N 1 qPN-2Hk — k-2 _ gk 4 grentk _ P-4tk | k=4 4 gk-2 _ g-2n-2+k
BLRL R (@-q)

Pk — qPkantE _ Pkt | qBk-an2 _ gk |y gk-Bnt2 | k4 _ gk-2n-2
) (-g7')?

QK2 _ qPk-2N _ gPk-ant2 | gk-Bnt2 _ gsk-an-2 | qok-2n-2 | qk-an _ gk-2n
’ (@-q')? )
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1 q2n—2+k _ qk + q—2n+k _ q2n—4+k + qk—4 _ q—2n—2+k
= oKk =] CErEk
~ q3k _ q3k—2n+2 _ qexk74 + q3k—2n—2 _ qk + qk—2n+2 + qk—4 _ qk—2n—2
(g-q)®
q5k—2n _ q3k—2n+2 + qk—2n+2 _ q5k—2n—2 + q3k—2n—2 _ qk—2n
* (@-q')® )

_ 1 (q2n—2+k _ q2n—4+K _ qak + q3k—4 + q5k—2n _ q5k—2n—2)
[n—K|[n—k-1] (g-q')®
qzn—2+k _ q2n—4+k _ qsk + qak—4 + qsk—zn _ qsk—2n—2

(qn—k — q—n+k)(qn—k—1 — q—n+k+1 )(q — q—1)
q2n—2+k _ q2n—4+k _ q3k + q3k—4 + q5k—2n _ q5k—2n—2
(q2n—2k—1 — q—1 — q1 + q—2n+2k+1 )(q _ q—1)

R qRr2Hk — g4k _ gk | qPk—4 | gBk-2n _ gk-2n-2
- Q3 \ g2tk — Bk  gpk-2n _ gntk—4 | qdk-4 _ g-2nt5k-2

33/29



Toward a Holographic Transform for the Quantum Clebsch-Gordan Formula Bonus Slides

Example of Calculations

1 q2n—2+k _ qk + q—2n+k _ q2n—4+k + qk—4 _ q—2n—2+k
= oKk =] CErEk
~ q3k _ q3k—2n+2 _ qexk74 + q3k—2n—2 _ qk + qk—2n+2 + qk—4 _ qk—2n—2
(g-q)®
q5k—2n _ q3k—2n+2 + qk—2n+2 _ q5k—2n—2 + q3k—2n—2 _ qk—2n
* (@-q')® )

_ 1 (q2n—2+k _ q2n—4+K _ qak + q3k—4 + q5k—2n _ q5k—2n—2)
[n—K|[n—k-1] (g-q')®
qzn—2+k _ q2n—4+k _ qsk + qak—4 + qsk—zn _ qsk—2n—2

(qn—k — q—n+k)(qn—k—1 — q—n+k+1 )(q — q—1)
q2n—2+k _ q2n—4+k _ q3k + q3k—4 + q5k—2n _ q5k—2n—2
(q2n—2k—1 — q—1 — q1 + q—2n+2k+1 )(q _ q—1)

R qRr2Hk — g4k _ gk | qPk—4 | gBk-2n _ gk-2n-2
- Q3 \ g2tk — Bk  gpk-2n _ gntk—4 | qdk-4 _ g-2nt5k-2

_ k-2
=q
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Proposition (ES)
The map:
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p = mcase

By directly computing coefficients in the p = m case we obtained a form for this specific
example of a holographic operator.
Proposition (ES)
The map:
B * Cal@. bl(n-m) = Cala. b.c.dl(nm)
f(a,b) = (ac — g™ " 'bd)"a(f(a, b))

intertwines the actions of Uy(sl(2,C)) on Cq[a, b](n-m) and Cq[a, b, ¢, d](n,m). Thus, ¢nm,,,
a quantum Poisson transform in the p = m case.

Conjecture

2

) o(f(a,b)) =Zz ac — gbd)™ b~ (ajab) o9 (f(a, b))

where =, , and © are constants dependent on n,m, p, and s.
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