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The problem consists of finding a function from a given functional
class with prescribed Taylor coefficients about a given point.

The classical versions are concerned about functions f analytic in
the open unit disk D and such that |f(z)| < 1 (the Schur class S)
or Rf(z| > 0 (the Carathéodory class C).

C. Carathéodory (1907) described the set of all points

(c1,...,¢cn) € C" such that there exists
f(z)=14cz+...+cz"+...€C

as the closed convex body in C" whose boundary points

correspond to rational functions

n

ANi+z
ZW',\J._Z (v =0, [N]=1)
j=1 /

taking purely imaginary values everywhere on the unit circle
except for at most n simple poles.
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C. Carathéodory (1911,

) Let E C R". Then any x € E in the convex hull of E is a
convex combination of at most n+ 1 points from E.

O. Toeplitz (1911): there exists

fz)=a+az+...+caz" ' +...€C (1)
Co + Co C1 Cpn—1
ifandonlyif Q= | & DT g
. N . El
Ch—1 C1 Co+¢o

To construct a concrete f € C as in (1), it suffices to extend the
given {¢; J’.’:_(:)l to an infinite positive-definite sequence {c;}7°,
(such that Q, = 0 for kK > n). Such an extension always exists and
is unique if and only if @, is singular. In this case,

rankQx = rank@, for all kK > n.
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Another question: to describe all f € C as in (1) or all
positive-definite extensions of {cj}J'?:_Ol in the indeterminate case.

Let
fo 0 0
TZ — fl fo o if f(z)= Z szk.
: .00 k=0
fooi ... A f

Thus, f € C if and only if TZ + TZ* > 0 for all k > 0 and either
all these matrices are invertible or

rank (T,f( + Ti*) = min (k,n) for some n>0.

In the latter case, f is a rational function as on the page 1.
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|. Schur (1917): given fy, ..., f,_1, there exists
f(z)=fo+hz+... +f 12" +... €S (2)

if and only if P, =/ — T{Tf* =0 (i.e,, T, is a contraction). In

this case {fJ}J":_Ol extends to {f;}° such that P, = 0 for k > n.

The extension is unique if and only if P, is singular. In this case
rank P, = rankP, for all k > n and the corresponding f is a finite
Blaschke product, deg f = rankP,,.

Thus, f € S if and only if P, =/ — T{T* = 0 for all k > 0 and
either all these matrices are invertible or

rank (I - TZT,C*) = min (k,n) for some n>0.

In the latter case, f is a Blaschke product of degree n. In the
indeterminate case, all f of the form (2) are described by a linear
fractional formula.
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Another question: If P, =1 —TITE £ 0, ie, if v_(Pn) =k >0,
is it possible to extend it so that v_(Pp,) = & for all m > n?

M.G. Krein — H. Langer (1977): Yes, if P, is invertible. Each such
extension gives rise to a meromorphic f in D with s poles and such
that

lim sup |f(2)] <1

r—1- |z|:r

or equivalently, to a function of the form

S = Z — aj
f==: S, b(z)=|]—=, lal <1
L SES, b(2) ,-lzlll—zaf’ |ai] <
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Quaternions

H={a=x+ix1+jx2+kx: xR, i =j=k?=ijk=—1},

R(a) =x, a=x—ix1—jx—kx, |af=Vaa.

Associated with any non-real « are its centralizer
Co ={B€H: aB = pa}t = spang(l, a)
and the similarity (conjugacy) class
[] i= {hah™: h £ 0} = {B € H: R(B) = R(e) & |3] = |al}.
«a ~ 3 if and only if

o (2) = 22 — 2zRa + |a)® = 22 — 2zRB + |82 = ms(2)
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Matrices over quaternions

Given a matrix A = [ajj], its adjoint (conjugate transpose) A* is
defined as A* = [a;]. If Ais Hermitian (i.e., A= A*) all its
eigenvalues are real; if they are all nonnegative (equvalently,

x*Ax > 0 for any x € H") the matrix A is called positive
semidefinite. If all eigenvalues are positive (equivalently, x*Ax > 0
for any x € H"), A is called positive definite.
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Matrices over quaternions

Given a matrix A = [ajj], its adjoint (conjugate transpose) A* is
defined as A* = [a;]. If Ais Hermitian (i.e., A= A*) all its
eigenvalues are real; if they are all nonnegative (equvalently,

x*Ax > 0 for any x € H") the matrix A is called positive
semidefinite. If all eigenvalues are positive (equivalently, x*Ax > 0
for any x € H"), A is called positive definite.

Cauchy interlacing theorem: If A € H™" is a Hermitian matrix
with eigenvalues \; < ... < \,, and B € H™*™ is a principal
submatrix of A with eigenvalues 3 < ... < upm, then

e < e S Agpn—m for k=1,...,m.

R.C. Thompson, Johns Hopkins Lecture Series, 1988.

T.Y. Tam (1999).
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Stein equations and Schur complements

Let
0 0 0 c
I c
zo= |1 | G=| T emme y=
o ... 1 0 Cn—1
Then the Stein equation ’ Pn— Z,P,Z; = C,JC;; | has a unique
P B*
(Hermitian) solution P,. Furthermore, P,y = { " ””‘}
Bnx Dy

If P, is invertible,

p / 0] [Pn O] [! P.'Byy
KT BakPyt 10 Sk [0 ]

where Sy 1= Dy — B,,,kP,,_lB;ik is the Schur complement of P,,.

Vi (Phik) = va(Pn) + v+ (Sk), rankP,ix = n+ rankSy.
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Remark: Sy satisfies the Stein identity
Sk — ZkSkZi = CLJC],

where C/ € H¥*2 is given by

/
)

CG=1| 1 | =0-2Z)[-BakPy* ] (I = Zoti)  Copi-

/7
Ck—1

Furthermore, the top row ¢j in C/ is non-zero.
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Remark: Sy satisfies the Stein identity
Sk — ZkSkZi = CLJC],

where C/ € H¥*2 is given by

/
)

Ci = [ ; ] = (I = Z) [-BakPyt 1] (I = Zoyk) " Cog

k—1
Furthermore, the top row ¢j in C/ is non-zero.

This remark applies to

in which case

Py — ZoPaZ: = CoJC: = enel — FoFf & Py=1—TITH
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[T o0 b P, L
TR T T T STk T P TokThy

If P, is invertible, then its Schur complement Sy is subject to
Sk — ZkSkZ; = Xu Xp — Yi Yy,
where X, Y\ € H¥ are given by the formula

X Vi = [ -

Xk—1 Yk—1

= (1 = Z) [ToskTEPY 1] (I — Zoik) 7 [@nsk Fris] -
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Tf :[TZ 0} p :[ Pn ~TiTr,
LA P R S 8 S P P S
If P, is invertible, then its Schur complement Sy is subject to
Sk — ZkSkZ; = Xu Xp — Yi Yy,

where X, Y\ € H¥ are given by the formula

X0 Yo

X Vi) =

Xk;l yk;l
= (I = Z) [TosTFPY 0] (1= Zoy) ™" [€nik Fora] -
Since [xo yo] # 0 and S1 = |xo|® — |yo[?, it follows that if
v_(Pny1) = v_(Pp) (i.e., S1 > 0), then xo # 0. Then the Toeplitz
matrix T is invertible, and
(TR 7TSk(TE) ™! = Zi(TR)TISk(T) 71 2k = exey — Exéx,
€0

where £ = [
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Therefore, (T5)7*Sk(T5*) ™t = Ik — TS T5*. By the Sylvester law
of inertia,

Vi (Pnik) = v+ (Pp) + v4(Sk) = v (Pn) + v (I — TETY)

Theorem: Given fy, ..., fy_1, let us assume that the matrix
Py := 1 — T{,T#: is singular and that P, (n < N) is the maximal
invertible leading principal submatrix of Py.
1. If rank(Py) = rank(P,) = n, then v_(Pyn) = v_(Py) ==k
and for each m > 1, the extension Py, with v_(Pyim) = K
is unique and satisfies rank(Py4m) = n.

2. If rank(Pp) = d > n, then for any choice of fy, ..., oy_gd_1,
Vi(PN—f—j) = I/i(PN) +j for j=1,...,N—d.

In particular, the matrix Popn_g is invertible.
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Extensions of invertible P, with minimal negative inertia

Define matrix polynomials ¥ = w;i ﬁ;i] and © = [g; ziﬂz

*

VD) =2 (2= D |5 0= Z) 2z e -F).

O(z)=h+(z-1) [F] (I —zZ;) ' PN = Z,) t e —Fal,

n—1

where  Z,,( Zz JZ and (1-zzp) =) Jz7Y
j=0

Then ’@( W(z) = z"l2 ‘ and

P11 o] 20,

0 0 0 ’
[21,0 22,0]7é ) [1/}2170
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Claim: If the n first coefficients of f(z) = > ;2 € H][[z]] are such
that P, is invertible, then

(1 —f]©=[011— b b1o—Fb] =2"[x —y|], (4)

oo oo
where y(z) = Zyjzj and x(z) = ijzj are the power series
j=0 Jj=0

with coefficients defined by

X0 Yo
[ L ]:(I—Zk)[T,LkT,f,*Pn‘l W) (1=Znik) 7t [ent Fork] -

Xk—1 Yk—1
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Claim: If the n first coefficients of f(z) = > ;2 € H][[z]] are such
that P, is invertible, then

(1 —f]©=[011— b b1o—Fb] =2"[x —y|], (4)

oo oo
where y(z) = Zyjzj and x(z) = ijzj are the power series
j=0 Jj=0

with coefficients defined by

X0 Yo
[ L ]:(I—Zk)[T,LkT,f,*Pn‘l W) (1=Znik) 7t [ent Fork] -

Xk—1 Yk—1

It turns out that xpt)11,0 — yot21,0 # 0, and (4) can be written as

f = (xth11 — yo1) " H(ythaz — xtb12) = (11 — evh21) " (evba2 — 12),

where ¢ = x 1y,
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Theorem: Let fy,...,f,_1 € H be such that P, is invertible and
let W and © be the polynomials defined two pages ago. Then

1. Equality
(Y11 — eta1) M (e — Y12) = (116 + 021) (P16 + 622)

holds for any ¢ € H][[z]] subject to equivalent conditions

Y110 — o210 # 0 <= 0Oa1060 + 6200 # 0, (5)

which are met for all € with || < 1 if and only if the bottom

diagonal entry in Pl is positive.

2. An extended sequence {f;};>q satisfies equalities
v_(Ppik) =v_(Py) forall k>1
if and only if its Z-transform f(z) := Y f;z/ is of the form
f = (Y11 — ebo1) M (evho2 — 12) = (B116 + 021) (0216 + 022) 7,

where € € HJ[z]] is any power series subject to conditions (5)
and such that P, .=/ — T Ty* =0 for all kK > 1.
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Function-theoretic setting

H][[z]] is a ring with operations

(f+g)(z :sz fctgk) and (fg)(z) Z <Zfégk e)
k=0

=0

Given p > 0, let H, be the ring of power series absolutely
converging in the ball B, = {a € H: |a| < p}:

H, = {f(z) = kazk : limsup WS 1/0}-
=0 k—o00

Any f € H, can be evaluated at any o € B, on the left or on the
right via (absolutely) converging series

Fee(a Zoz fi and f%(a kaa
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a € H is called a left or right zero of f € H,, if respectively,
fé(a) =0or fé(a) = 0. If V C B, is a similarity class, then any
f € H, either has no zeros in V or it has one left and one right
zero in V, or fé(a) = f¢(a) =0 for all a € V.

Vladimir Bolotnikov

Carathéodory interpolation problem over quaternions and relat



a € H is called a left or right zero of f € H,, if respectively,
fé(a) =0or fé(a) = 0. If V C B, is a similarity class, then any
f € H, either has no zeros in V or it has one left and one right
zero in V, or fé(a) = f¢(a) =0 for all a € V.

Therefore, for every f € H, and a similarity class V' C B, either
fé(a) = c=fé(a) for all @« € V or for any o € V there is a
unique o/ € V such that f&(a/) = fe(a).

Therefore, (V) = fé (V) for any f € H, and V C B,.
Therefore, f%(B,) = f(B,/) for any p’ < p.
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a € H is called a left or right zero of f € H,, if respectively,
fé(a) =0or fé(a) = 0. If V C B, is a similarity class, then any
f € H, either has no zeros in V or it has one left and one right
zero in V, or fé(a) = f¢(a) =0 for all a € V.

Therefore, for every f € H, and a similarity class V' C B, either
fé(a) = c=fé(a) for all @« € V or for any o € V there is a
unique o/ € V such that f&(a/) = fe(a).

Therefore, (V) = fé (V) for any f € H, and V C B,.
Therefore, f%(B,) = f(B,/) for any p’ < p.
We now introduce the norm ||f||o := sup |f®(a)| = sup |[F® ()|

acB; a€B;
on H1 and define the Schur class Sy to be

Sui={feMr: |fllee <1}.
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a € H is called a left or right zero of f € H,, if respectively,
fé(a) =0or fé(a) = 0. If V C B, is a similarity class, then any
f € H, either has no zeros in V or it has one left and one right
zero in V, or fé(a) = f¢(a) =0 for all a € V.

Therefore, for every f € H, and a similarity class V' C B, either
fé(a) = c=fé(a) for all @« € V or for any o € V there is a
unique o/ € V such that f&(a/) = fe(a).

Therefore, (V) = fé (V) for any f € H, and V C B,.
Therefore, f%(B,) = f(B,/) for any p’ < p.
We now introduce the norm ||f||o := sup |f®(a)| = sup |[F® ()|

acB; a€B;
on H1 and define the Schur class Sy to be

Sui={feMr: |fllee <1}.

Alpay-B-Colombo-Sabadini (2015): A power series f € HJ[z]]
belongs to Sy if and only if P, =1, — TZTf,* = 0 forall n > 1.
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Blaschke factors and products

Define the Blaschke product of degree n to be
f=0¢- -bayba, - -ba, (aj € By, ¢ =1)

where the Blaschke factor b, is the power series defined by
ba(2) = (z—a)(1—za) ' = —a+(1—[af) Y @ (a e By).
k=0

<1 if |y|<1,

Since (M =16 1 i 15121

, Blaschke factors and

products are in Sy.

Example: bi/2bj/2bk/2
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Blaschke factors and products

Define the Blaschke product of degree n to be
f=0¢- -bayba, - -ba, (aj € By, ¢ =1)

where the Blaschke factor b, is the power series defined by
ba(2) = (z—a)(1—za) ' = —a+(1—[af) Y @ (a e By).
k=0

<1 if |y|<1,

Since (M =16 1 i 15121

, Blaschke factors and
products are in Sy.

Example: bi/2bj/2bk/2

B. (2021): A power series f(z) = 3 f,zK € H][z]] is a Blaschke
product of degree k if and only if P, = I, — T T* is positive
semidefinite and rank(P,) = min(k, n) for all n > 1.
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Carathéodory-Schur problem in Sy

Theorem: Given fy,...,f,_1 € H, there exists an
f(z)=fo+hz+...+Ff 12" +... €S (6)

if and only if P, =/ — TIT/* = 0. If P, = 0, then the formula

f = (Br16+021)(Ba16+022) " = (Yr1—e¢o1) H(eha—t12), €€ Su

parametrizes all f € Sy subject to condition (6). Furthermore, f
is a finite Blaschke product if and only if € is. In this case,
deg f = n+ dege.
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Carathéodory-Schur problem in Sy

Theorem: Given fy,...,f,_1 € H, there exists an

f(z2)=fo+hz+... +Ff 12" +... €Sy (6)
if and only if P, =1 — Tf,T,f,* = 0. If P, = 0, then the formula

f = (b116+021)(0216+022) 1 = (Y11—evpo1) H(eVo2—212), €€ Su

parametrizes all f € Sy subject to condition (6). Furthermore, f
is a finite Blaschke product if and only if € is. In this case,

deg f = n+ dege.

e Linear fractional formulas make sense, since the bottom diagonal
entry in P, ! is positive and |eo| < 1.

o If deg f = m, then

rank(/—TT{") = rank Ppyk—n = min{m, n+k}—n = min{m—n, k}
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Uniform approximation Carathéodory theorem

Theorem: Let f € Sy. For any p < 1 and € > 0, there exists a
finite Blaschke product B such that

|fé(a) — B%(a)| <e and [f®(a)— B%(a)| <e
for all o € Ep.
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Uniform approximation Carathéodory theorem

Theorem: Let f € Sy. For any p < 1 and € > 0, there exists a
finite Blaschke product B such that

|fé(a) — B%(a)| <e and [f®(a)— B%(a)| <e
for all o € Ep.

Choose n such that 2p" < € and assume that f(z) =}, fz/ is
not a finite Blaschke product so that P, = | — T/ Tf* = 0. Then
there is a finite Blaschke product B having the same first n
coefficients as f. Then g = 3(f — B) € Sy, and g(z) = z"h(z) for

some h € Hi. Since T4, = |:-|ph g}, for any m > 1, we have

X I, 0
Imn — T8, T8, = [0 o T’,;T’,},*] =0 forall m>1,

and hence, h € Sy. Therefore, for any o € B,
[Fe(a) — B%(a)| = 2[g*(a)| = 2|a|"|h*(a)] < 2p" <.
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The generalized Schur class S

Let us say that f € HJ[[z]] belongs to the generalized Schur class
£ if the Hermitian matrices P, = | — TfT!* have  negative
eigenvalues counted with multiplicities:

v (I =TT =k forall n> ng.
The indefinite Carathéodory problem consists of finding
f(z)=fo+zh+...+f 12" 4. €Sk (7)

with minimally possible x (which is at least v_(P)).
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The generalized Schur class S

Let us say that f € HJ[[z]] belongs to the generalized Schur class
£ if the Hermitian matrices P, = | — TfT!* have  negative
eigenvalues counted with multiplicities:

v (I =TT =k forall n> ng.
The indefinite Carathéodory problem consists of finding
f(z)=fo+zh+...+f 12" 4. €Sk (7)

with minimally possible x (which is at least v_(P,)).If P, is
invertible, then Kyin = v_(P,). Moreover, the formula

f = (0116 + 021)(0216 + 02) ™ = (Y11 — e¥bo1) (W22 — Y12)

with free parameter € € Sy subject to conditions

11,0 — €0t21,0 #0 <= 01050 + 0200 # 0,

parametrizes all f of the form (7).
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The singular case

Let us suppose that P, is singular, rank(P,) = d < n, and let P,
(r < n) be the maximal invertible leading submatrix of Pp.

1. If d = r (i.e., rank(P,) = rank(P,)), then there is a unique
f e S (k= v_(Pn) = v_(P;)) with initial coefficients
fo, ..., fo1.

2. If d > r, then the minimally possible x equals
k=v_(Py)4+n—d=v_(P,)+vo(Pn),

where 1 stands for the multiplicity of the zero eigenvalue.
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The singular case

Let us suppose that P, is singular, rank(P,) = d < n, and let P,
(r < n) be the maximal invertible leading submatrix of Pp.
1. If d = r (i.e., rank(P,) = rank(P,)), then there is a unique
f e S (k= v_(Pn) = v_(P;)) with initial coefficients
0.y fno1.

2. If d > r, then the minimally possible x equals
k=v_(Py)4+n—d=v_(P,)+vo(Pn),

where 1 stands for the multiplicity of the zero eigenvalue.

e To get all f € Sfy with the first n coefficients equal to

fo, ..., fa_1 in Case 2, we first choose arbitrary f,,...,f,_4 to
reach the invertible matrix matrix Py,_4 and then apply the linear
fractional formula to each such choice.
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Regular meromorphic functions associated with S

For any f € Sf, there is n > k such that P, is invertible and
v_(P,) = k.

For such n, define the polynomial © as above and conclude that
f = (0116 + 021) (0216 + 02) !

for some ¢ € Sy such that 21 00 + 6220 # 0. Therefore,
f21€ + 025 has no zeros in a neighborhood of the origin and
therefore f converges absolutely in this neighborhood.

Thus, the power series f € Sp; can be left and right evaluated in a
neighborhood of the origin giving rise to left and right regular
functions £ and f€.
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Further elaboration may come from the Krein-Langer type
factorization result: For any f € Sf there exist S;, Sg € Sy and
Blaschke products By, Bg of degree k so that f admits coprime
power-series factorizations

f(z) = BL(2)"'S1(2) = Sr(z)Br(2) .

Furthermore, BLBﬁ = BRBﬁ If we denote by Z the zero set of

the real Blaschke product B .= BLBti = BRB then the functions
fe and € admit meromorphic (semi-regular) extensions to B\ Z
by the formulas

fee(a) = B(a) "1 (BfS)%(a), fo(a) = (SrBE)*(a)B(a)™.
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Excluded parameters

Let us say that € € Sy is an excluded parameter of order m of the
linear fractional transformation

Lule] i= (du1 — evon) H(eton — ¥12), VW = [ii i;ﬂ ’

if (411 — 121 = 2h | for some h € H[z]] with ho # 0.
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Excluded parameters

Let us say that € € Sy is an excluded parameter of order m of the
linear fractional transformation

Lule] i= (du1 — evon) H(eton — ¥12), VW = [ii i;ﬂ ’

if (411 — 121 = 2h | for some h € H[z]] with ho # 0.

Theorem: There exists an excluded parameter ¢ € Sy of order m
if and only if the m x m bottom principal submatrix of P, ! is either

(1) negative definite, in which case there are infinitely many
excluded parameters of order m, or

(2) the maximal negative semidefinite bottom principal submatrix
of P, in which case there is a unique excluded parameter ¢ of
order m.
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Theorem: Let € € Sy be an excluded parameter of order m. Then
the power series f. = Ly[e] belongs to S ™ and is of the form

fe(z) =fo+...+ /:n—k—lzn_k_1 + fam—kzn_k +. fam—k # fo k-

In other words, the n — m first coefficients of f. are equal to
prescribed fo, ..., f,_x_1, but f. ,_x is different from the prescribed
fo_k.
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